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Abstract 
 
 
     This research is aimed to establish instability criteria for a rotor-bearing system which 
consists of a rotor supported by two fluid-film journal bearings. 
 
     The static and dynamic characteristics of rotor-bearing systems with consideration of 
turbulent effects are evaluated by applying the Hopf bifurcation theory (HBT) to the 
equations of motion.  
 
     A method is developed for predicting the stability envelope of rotor-bearing systems 
using HBT. Results are compared with published literature obtained using a trial-and-
error method.  
 
     A method based on HBT is presented for predicting the occurrence of a hysteresis 
phenomenon, which is observed in experimental results dealing with the instability of 
rotor-bearing systems. It is shown that the existence of hysteresis phenomenon is 
dependent on the system’s operating parameters. To this end, the effect of oil viscosity on 
hysteresis phenomenon and its implications on the rotor-bearing instability are 
investigated. The results of a series of experiments illustrating the effectiveness of the 
prediction of the hysteresis phenomenon using HBT are also presented.  
 
     Disparities in assessing the influence of inlet oil temperature on the instability 
threshold speed have been documented in the literature for a long time. Specifically, 
some papers presented evidence that lowering the inlet oil temperature tends to have a 
stabilizing effect, while others have shown the opposite. No clear explanation has been 
offered for this phenomenon. This research presents the results of a series of experiments 
that explain the nature of these disparities and sheds light on the influence of the inlet oil 
temperature on the instability of journal bearings.  
 
     Using HBT, the influence of drag force on the dynamic performance of a rotor-
bearing system is analyzed through including the drag force components in the equations 
of motion.  
 
     The HBT is applied to a rotor-bearing system with a flexible shaft. The analysis 
reveals that rotor stiffness has pronounced effects on the instability threshold speed as 
well as the subcritical or supercritical bifurcation characteristics. Using the chart 
presented in this research, not only the instability threshold speed but also the bifurcation 
type can be easily predicted for a specific rotor-bearing system with any specific set of 
operating parameters. 
 1
1 Introduction 
 
 
1.1 Instability of Rotor-Bearing Systems and Subsynchronous Vibration 
 
     Bearings are used extensively in all rotating machinery in the industry to support load. 
Their performance is utmost important in chemical, petrochemical, automotive, power 
generation, aerospace turbomachinery and process industries in the nation and the world.  
 
     It has shown that a frequent cause for shutdown of turbine-generator systems is rotor 
instability, which may threaten the safety of the equipment [1]. Problems associated with 
rotor instability problems have created significant barriers to successful mission of 
variety of industry/government missions. Three famous examples of rotor instability 
incidents have been reported in the literature [2]: 
 
     “The high-pressure turbo-pumps of the space shuttle main engine have both had 
problems associated with unstable motion. As initially designed, the high pressure fuel 
turbo-pump was unstable and could not be operated above 20,000 rpm as compared with 
its proposed design speed of 39,000 rpm. This problem basically shutdown the shuttle 
program for six months at estimated costs approaching $500,000 per day. The high 
pressure oxygen turbo-pump continues to be subject to sub-synchronous motion problems, 
which have so far prevented operation at the full power levels for polar orbits. 
 
     Nine-stage centrifugal compressors in the Chevron-owned Kaybob natural gas plant 
were designed for operations at approximately 2.85 times their first critical speed. These 
units were unstable as delivered and delayed full-load plant start-up for 
approximately 29 weeks. 
 
     Instabilities in eight-stage reinjection compressors operated by Phillips Petroleum 
Company in a North Sea installation near Ekofisk, Norway delayed full production for 
nearly six months.”  
 
     In most incidents, bearings and their lubricant supply systems have been identified as 
the principal root cause of the rotor instability [1]. Usually, the bearing difficulties appear 
to be due to a shift in its operating conditions such as an inlet oil temperature change or 
due to external perturbations such as an earthquake or any unexpected disturbance from 
other components within the system. Therefore, it is extremely important to understand 
these influences on the stability of rotor-bearing systems. 
 
     According to the existing literature, rotor instability begins when the rotor speed 
exceeds a so-called instability threshold speed. Usually, stable operation resumes when 
the speed is again decreased below this instability threshold speed.  
 
     Instability in fluid film journal bearings is loosely referred to as oil whirl or oil whip. 
Oil whirl and oil whip are self-excited, subsynchronous/sub-harmonic vibration with 
frequency equal to almost half of the system’s running frequency. For this reason, this 
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phenomenon is often referred to as half-frequency vibration. In general, subsynchronous 
vibration is a self-excited whirling of the journal, which is induced by the cross-coupling 
stiffness and damping of the fluid film within the journal bearing. Unstable whirling 
motions of the journal can cause mechanical problems such as rubbing between journal 
and bushing as well as seal rubbing. These effects may result in substantial machine 
damage. 
 
     Since the publication of Newkirk & Taylor’s [3] classical work on the oil whirl in 
1925, extensive research has been devoted to the study of rotor-bearing instability. 
Nevertheless, many basic phenomena associated with bearing instability remain poorly 
understood [4]. In this dissertation, the following contribution to this field have been 
made. 
 
1) Turbulent effects on the static and dynamic performance of rotor-bearing systems. 
 
     In practice, many high-speed or large fluid film journal bearings are operating in the 
turbulent regime. In a series of studies, Wilcock and Booser have shown that fluid film 
journal bearings used in large turbine-generator sets in utility power generating systems 
are large enough to have Reynolds numbers over 1000 and well into the regime of 
turbulence [1]. However, relatively little consideration has been given to the influence of 
turbulence on the static and dynamic performance of rotor-bearing systems involved with 
fluid film journal bearings. 
 
2) Shock effects on the stability of rotor-bearing systems.  
 
     In 1925, Newkirk and Taylor [3], in their classical paper dealing with the oil whip of a 
rotor-bearing system, pointed out that some rotor-bearing systems which were running 
quietly at speeds lower than the instability threshold speed stω  could start whipping 
violently just due a “special shock.” Sometimes, even a “slight” shock was sufficient to 
start whipping violently. Hori confirmed this phenomenon in the late 1950’s [5] and did 
extensive research on how an earthquake —which can be regarded as a shock— affects 
the occurrence of the oil whip of a rotor-bearing system [6 & 7]. Naturally, one may ask 
what kind of special shock can start the whip? The answer to that question had been 
unknown until an important concept —Stability Envelope Rs— was introduced by 
Khonsari & Chang in 1993 [8]. The Rs of a rotor-bearing system at a specific set of 
operating parameters defines what kind of special shock can start the whip. In [8], a trial-
and-error method was proposed to determine Rs corresponding to a specific set of 
operating parameters. This trial-and-error method is “straightforward but requires rather 
lengthy computations” [8]. An exhaustive study using this method is not practical. 
 
3) Hysteresis phenomenon in the stability analysis of rotor-bearing systems. 
 
     The experimentally observed hysteresis phenomenon was first reported in a paper by 
Hagg [9] in 1953 and well describled in a paper by Pinkus [10] in 1956. Pinkus stated 
that “when whipping was observed under conditions of decreasing speeds, it was noted 
that whip persisted down to speeds lower than those at which whip started when the 
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speed was being increased.” Hori [5] confirmed this kind of phenomenon in 1959. 
However, this subject did not recieve much attention until Hori [6] presented his findings 
in the IMechE 4th International Conference on Vibration in Rotating Machinery in 1988. 
Subsequently, Guo & Adams [4, 11, 12] provided some simulations and experimental 
results to explain the nature of the hysteresis phenomenon in 1996. They pointed out that 
an “elusive unstable intermidiate solution” exists in the hystersis loop. But how to predict 
this elusive unstable intermediate solution was not an objective of their research. Later, 
Horattas and Adams [13, 14] reported the results of a series of experiments which 
established the existence of the hyteresis phenomenon and verified some of the results 
done by Guo & Adams [4, 11, 12] qualitatively. Their research also revealed the 
existence of the multiple hysteresis loops when the system running speed approaches up 
to 7 times the critical speed. Muszynska [15] gave a qualitative explanation of hysteresis 
phenomenon from the point of view of circumferential velocity ratios. According to 
Muszynska, during the runup process, the fluid circumferential average velocity ratio 
(especially that of the fluid damping force), which is driven by the rotor rotation, is 
lagging behind (is smaller) than that during the rundown process. Yet, quantitative 
explanation of the hysteresis phenomenon remained unresolved due to the lack of an 
appropriate analytical approach.  
 
4) Inlet temperature effects on the instability threshold speed 
 
     Maki & Ezzat [16] were probably the first to note the importance of the thermal 
effects on bearing instability and the associated disparities in the literature. They pointed 
out that the influence of inlet oil temperature on instability as reported by Newkirk & 
Lewis [17] is opposite to that reported by Pinkus [10, 18]. Specifically, Newkirk & Lewis 
[17] concluded that the instability threshold speed increases as the inlet oil temperature is 
increased. On the other hand, Pinkus reported the results of several experiments where a 
journal bearing whipped at a high inlet oil temperature, had a narrow whipped at 
intermediate temperature, and did not whip at all with cold inlet oil. Hence, Pinkus’ 
results implied that a lower inlet lubricant temperature tends to have a stabilizing effect 
on rotor-bearing systems—a conclusion opposite to that of Newkirk & Lewis. No 
explanation has been offered for this peculiar phenomenon. 
 
5) Drag force effects on the dynamic performance of rotor-bearing systems 
 
     In oil-film journal bearings, the fluid forces exerted on the journal consist of both 
pressure force and drag force. The drag force has been neglected in most of the literatures 
implementing instability analysis of rotor-bearing systems because it was regarded as 
being of the order ( )C R  of the pressure force. However, upon careful examination, it is 
shown that the drag force is in the order ( ) ( )2C R D L  of the pressure force and that it 
strongly depends on the eccentricity ratio. The tabularized static and dynamic 
performances of finite journal bearing with length-to-diameter ranging from 1 8  to 2 
show that, at small eccentricity ratios (around 0.1) with length-to-diameter ratio of 
journal bearing equal to or less than 0.5, the drag force is considerable in comparison 
with the pressure force in oil-film journal bearings [19]. In 1965, Mitchell et al. [20] did 
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some analysis including the drag force effects with a full 2π  oil film. They derived the 
expressions for the drag force components in radial and tangential directions and 
presented the corresponding modified equations of motion for infinitly short and 
infinitely long bearing, respectively. Akers et al. [21] included the drag force components 
in the equations of motion for finite journal bearings. They pointed out that the drag force 
components would be small enough to be neglected in the steady case from the point 
view of order-of-magnitude analysis, but its specific effect in the dynamic case would be 
worth studying. 
 
6) Rotor stiffness effects on the dynamic performance of rotor-bearing systems 
 
     It has shown that rotor stiffness has pronounced effects on the instability threshold 
speed of rotor-bearing systems in literature [22]. However, the effect of rotor stiffness on 
the bifurcation type is unavailable in open literature. The question of why some rotor-
bearing systems which run at high eccentricity ratio in short journal bearings can easily 
start to whip just due to some transient disturbance [10] cannot be explained by the 
existing literature.  
 
1.2 Outline of the Dissertation 
 
     This dissertation focuses on the six unresolved phenomena or long-standing disparities 
in the literature presented in Section 1.1. Each topic is treated as a separate chapter, each 
of which has been written in the form of a journal paper. Five of these papers [27-31] are 
in press. The other one [32] is under review of one major journal of ASME transactions. 
One paper [33] dealing with the definitions of the linearized stiffness and damping 
coefficients used in some of the six chapters is also in press. 
 
     The application of the Hopf bifurcation theory (HBT) for the stability analysis of a 
rigid rotor symmetrically supported by two identical long journal bearings was presented 
by Myers [23] in 1984. In this paper, subcritical bifurcation and supercrtical bifurcation 
were introduced into the instability analysis of rotor-bearing systems. A similar analysis, 
but using the infinitely short bearing theory, was published by Hollis & Taylor [24] in 
1986. Based on the impedance descriptions of finite journal bearings, using HBT, 
Sundararajan & Noah [25, 26] analyzed the effects of different Length/Diameter ratios on 
the subcritical bifurcation and supercritical bifurcation regimes.  
 
     A brief description of HBT is given in Appendix A. HBT will be the major 
mathematical tools in this research. 
 
     In this dissertation, Chapter 2 deals with the application of the Hopf bifurcation theory 
(HBT) to rotor-bearing systems with consideration of turbulent effects. This chapter 
shows that the steady state and dynamic characteristics of a rotor-bearing system with 
turbulent effects can be conveniently evaluated by applying HBT to the equations of 
motion of a rigid rotor symmetrically supported by two identical fluid-film journal 
bearings. Results are presented for the static eccentricity ratio, the stiffness and damping 
coefficients, the instability threshold speed, the whirl frequency ratio, and the periodic 
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solutions and bifurcation profile of the journal orbit, which take turbulence into 
consideration. 
 
     Chapter 3 develops a method for predicting the stability envelope of a rotor-bearing 
system using HBT. Results are compared with published literature obtained using a trial-
and-error method.  
 
     Chapter 4 develops a method for predicting the occurrence of hysteresis phenomenon, 
which is observed in experimental results dealing with the instability of rotor-bearing 
systems. The method is based on HBT. It is shown that the existence of hysteresis 
phenomenon depends on the system’s operating parameters. To this end, the effect of oil 
viscosity on the hysteresis phenomenon and its implications on the instability of rotor-
bearing systems are investigated in this chapter. The results of a series of experiments 
illustrating the effectiveness of the prediction of the hysteresis phenomenon using HBT 
are also presented.  
 
     Chapter 5 presents the results of a series of experiments that explain the nature of the 
disparities and sheds light on the effect of the inlet oil temperature on the instability of 
journal bearings. 
 
     Chapter 6 deals with the drag force effects on the dynamic performance of rotor-
bearing systems through including the drag force components in the equations of motion. 
HBT is used to analyze the dynamic performance of the equations of motion including 
the drag force components.  
 
     Chapter 7 concentrates on the rotor stiffness effects on the dynamic performance of 
rotor-bearing systems. 
 
     Finally, the results of all the work are summarized in the conclusion section in Chapter 
8. Possible future research topics are also introduced in Chapter 8.  
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2 Application of Hopf Bifurcation Theory to Rotor-Bearing Systems 
with Consideration of Turbulent Effects 1 
 
 
     This chapter shows that the steady state and the dynamic characteristics of a rotor-
bearing system with turbulent effects can be conveniently evaluated by applying the Hopf 
Bifurcation Theory to the equations of motion of a rigid rotor symmetrically supported by 
two identical fluid-film journal bearings. Results are presented for stiffness and damping 
coefficients and stability characteristics of a journal bearing, which take turbulence into 
consideration. 
 
2.1 Introduction 
 
     The application of Hopf Bifurcation Theory (HBT) for the stability analysis of a rigid 
rotor symmetrically supported by two identical, infinitely long journal bearings was 
presented by Myers [23] in 1984. He identified the existence of three separate regions in 
the parameter space of the steady state eccentricity ratio. These three regions, from low to 
high values are: subcritical bifurcation, supercritical bifurcation, and again subcritical 
bifurcation. 
 
     A similar analysis, but using the infinitely short bearing theory formulated in 
Cartesian coordinates, was published by Hollis & Taylor [24]. They reported that, in 
short journal bearings, the subcritical bifurcation exists if the modified Sommereld 
number is greater than a critical value. Otherwise, the supercritical bifurcation exists. 
Sundararajan & Noah [25, 26] analyzed a more general case of finite journal bearings 
using HBT and discussed the effects of different Length/Diameter ratios on the 
subcritical bifurcation and supercritical bifurcation regimes. Deepak and Noah [34] 
provided experimental evidence that verified the subcritical bifurcation of a single disk 
rotor supported on a short journal bearing. 
 
     All of the abovementioned papers were based on the assertion that oil flow remains 
laminar. Research dealing with the effect of turbluence on performance of bearings has 
been primarily limited to steady-state, with the exception of a series of notable 
contributions by Hashimoto et al.[35-39] who investigated dynamic effects using the 
traditional analytical methods. 
 
     The purpose of this chapter is to provide additional insight into the application of HBT 
to the stability analysis of a rotor-bearing system with consideration of the turbulent 
effects. The analysis pertains to a rotor-bearing system, which consists of a rigid rotor 
symmetrically supported by two identical short journal bearings.  
 
                                                 
1 Reprinted from Tribology International, Wang, J.K., Khonsari, M.M., Application of Hopf Bifurcation 
Theory to the Rotor-Bearing System with Turbulent Effects, in press, paper No. JTRI 1323, with 
permission from Elsevier. 
 7
     The outline of this chapter is as follows. First, a brief description of Hopf Bifurcation 
Theory is presented. Then, HBT is applied to the equations of motion of the rotor-bearing 
system with provision for turbulence. Appropriate equations are derived. These equations 
describe the relationships between the eccentricity ratio ε, the Sommerfeld number S and 
the attitude angle, the linearized dynamic coefficients ijk and ijb  ( φε ,, =ji ), the 
threshold speed stω , and the whirl frequency ratio Ω . A series of results is presented that 
illustrates how the shape, size and stability of the periodic solutions of the journal orbit 
with consideration of turbulent effects can be easily predicted using HBT. The chapter is 
concluded with  the presentation of the general implications of these results on the 
stability characteristics of journal bearings. 
2.2 Hopf Bifurcation Theory 
 
     The Hopf Bifurcation Theory is concerned with the bifurcation of the periodic orbits 
from the equilibrium points of a system, whose behavior is described by the ordinary 
differential equations ( , )ν=x f x?  as the system parameter ν  crosses a critical value cν . A 
Hopf bifurcation occurs when, as the system parameter ν  varies, a single complex 
conjugate pair of eigenvalues of the linearzied system equations become purely 
imaginary (in the process of crossing the imaginary axis) [24].  
 
     The Hopf bifucation analaysis is based on the following four hypotheses [40]: 
  (i)  equation ( , )ν=x f x?  has an isolated stationary point, say at ( )s ν=x x ; 
  (ii) the Jacobian matrix ( ) ( )( , ) ( , ); , 1, ,is s
j
f i j n
x
ν ν ν ν⎛ ⎞∂= =⎜ ⎟⎜ ⎟∂⎝ ⎠x
f x x ?  has exactly a pair 
of complex conjugate eigenvalues ( ) ( )νβνα i±  such that when cνν = , ( ) 00 >= ωνβ c , ( ) 0=cνα . Meanwhile, the other ( )2−n  eigenvalues possess purely 
negative real parts; 
  (iii) f is analytic in x and ν  in a neighborhood of ( , ) ( , )s cν ν=x x ; and 
  (iv) ( ) ( ) 0≠cd
d νν
να , where ( )να  is the real part of the pair of eigenvalues stated above 
that are continuous at cν . 
 
     In the above hypotheses, cν  is called the critical value of ν . If assumption (ii) holds, 
then assumption (iv) implies that the linear stability of the stationary point ( )s νx  will be 
lost as ν  crosses cν . Under these conditions, at the onset of bifurcation, the system has a 
family of periodic solutions. The Hopf bifurcation theorem provides appropriate criteria 
for the prediction of the existence, shape, and period of the periodic solution [40]. In 
general (excluding the special case where bifurcation occurs only for cνν ≡ ), periodic 
solutions exist in exactly one of the cases: either cνν >  or cνν <  [23]. The periodic 
solutions in the case of cνν > , is called a supercritical bifurcation. If the periodic 
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solutions exist only in the case of cνν < , then the system is said to undergo a so-called 
subcritical bifurcation.  
 
2.3 Application of Hopf Bifurcation Theory to a Rotor-Bearing System 
 
     In this section, we apply the Hopf bifurcation theory (HBT) to analyze the static and 
dynamic performances of a rotor-bearing system with provision for turbulent effects. 
Consider a system consisting of a rigid and perfectly balanced and symmetrical rotor 
(with mass 2m) horizontally supported by two identical oil-film bearings shown in Fig. 
2.1 (b). Fig. 2.1 (a) depicts the orbit of the journal of the rotor as it travels within the 
bearing clearance circle. 
 
Ob
Ojd
Ojs
y
Cε
φ f φ
f ε
W
x
 
 
 
 
 
 
     In Fig. 2.1, Ob is the center of the journal bearing; Ojs is the static equilibium position 
of the journal center; Ojd is the dynamic position of the journal center; W is the load per 
bearing; ε  and φ  are the dynamic eccentricity ratio and the dynamic attitude angle of the 
journal center respectively; C is the radial clearance; εf  and φf  are the radial and 
tangential components of the fluid force in the journal bearing; and x and y are the 
coordinates in the horizontal direction and vertical direction, respectively. 
 
2.3.1 Dynamic Fluid Force in Journal Bearing 
 
     Assuming constant oil viscosity throughout the oil film, the Reynolds equation for 
infinitely short bearings including the turbulent effects is [19]: 
t
h
h
h
hz
pGz ∂
∂+∂
∂=∂
∂
332
2
2
µ
θ
µω                                                                                             (2.1) 
 
The turbulent coefficient zG  is given as [35, 36]: 
(a) (b) 
Fig. 2.1 (a) Sketch of the journal orbit in the journal bearing 
             (b) Model of a rigid rotor supported by two identical journal bearings. 
x 
z 
y 
φ  
Ob 
Central disk 
2m  
Bearing Bearing 
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( )θε cos12
1
zz
z ba
G +=                                                                                                   (2.2) 
where 88.0Re00069.01+=za , 88.0Re00061.0=zb , µωρ CR=Re  is the mean Reynolds 
number. The turbulent coefficient zG  obtained using Eq. (2.2) agrees well with those 
given numerically by Ng and Pan [35, 36, 41]. 
 
The boundary conditions are [19]: 
⎪⎩
⎪⎨
⎧
=
=∂
∂
±=
=
0
0
2
0
Lz
z
p
z
p
, and
                                                                                                          (2.3) 
 
     Integrating the Reynolds Eq. (2.1) twice and substituting the boundary conditions 
yields the following expression for the pressure distribution: 
( )
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −⎟⎠
⎞⎜⎝
⎛
∂
∂+∂
∂+=
4
2
cos3 22
3
Lz
t
hh
h
bap zz θω
θεµ                                                            (2.4) 
 
The film thickness for the plain journal bearing is given by: ( )θε cos1+= Ch                                                                                                             (2.5) 
 
Substituting Eq. (2.5) into Eq. (2.4), the pressure distribution is: ( ) ( )
( )3
222
2
2 cos1
cossin2cos2sin2cos2
4
3
θε
θθεθωθεεθεθωθεµ
+
+−++−
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −= ???? zzzz bbaaLz
C
p            (2.6) 
where “.” represents d/dt. 
 
     In a journal bearing, the position of the journal center is represented as ( )φε ,C , where 
φ  denotes the attitude angle. As φ  changes, so does the reference line for θ . Increasing 
φ  will result in decreasing θ  [42], so 
dt
d
dt
d θφ −=  i.e. φθ ?? −=                                                                                                   (2.7) 
 
     Using the expression (2.7), the expression for the pressure distribution Eq. (2.6) is 
rewritten as: ( ) ( )
( )3
222
2
2 cos1
cossin2cos2sin2cos2
4
3
θε
θθεφωθεεθεφωθεµ
+
−−+−−
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −= ???? zzzz bbaaLz
C
p            (2.8) 
 
     Under the laminar flow condition with 1=za  and 0=zb , the pressure distribution 
will be simplified as: ( )
( )3
2
2
2 cos1
sin2cos2
4
3
θε
θεφωθεµ
+
−−
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −= ??Lz
C
p                                                                           (2.9) 
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θ
p
fε
φ (f)s
e
εe
W
y
Oj
Cε x
p·sin
θ
p·cosθ
Ob
φ
fφ
 
 
 
     Figure 2.2 illustrates the radial and tangential components of the fluid force exerted on 
the journal. The oil fluid force components in the radial and tangential directions are 
given by [19]. 
∫ ∫
∫ ∫
−
−
=
=
2
2
2
0
2
2
2
0
sin
cos
L
L
L
L
dzdpRf
dzdpRf
π
φ
π
ε
θθ
θθ
                                                                                            (2.10) 
 
     Substituting Eq. (2.8) into Eq. (2.10), applying the Half-Sommerfeld boundary 
conditions [19], and making use of the integrals in Appendix B, the following 
expressions for the fluid force components emerge. 
( ) ( )( )
( )
( ) ⎪⎪⎭
⎪⎪⎬
⎫
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
+
−
−−++
+
⎪⎩
⎪⎨
⎧
⎥⎥⎦
⎤
⎢⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛
−
+−−
+−−−=
2
2
52
2
2
22
2
2
3
2
1
2325
1
1ln
1
2222
2
εε
εεεπ
ε
ε
εε
εφωµε
z
z
zzzz
zzzz
b
bbaba
bbba
C
RLf
?
?
                                          (2.11) 
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where 88.0Re00069.01+=za , 88.0Re00061.0=zb , Re R Cρ ω µ= .  
 
     Under the laminar flow condition with 1=za  and 0=zb , the fluid force components 
are given as: 
( )
( )
( )
( ) ⎥⎥⎦
⎤
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RLf                                                                     (2.13) 
Fig. 2.2 Radial and tangential components of the fluid force exerted on the journal [19].
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which are consistent with those in reference [8]. 
 
2.3.2 Equations of Motion of the Rotor-Bearing System 
 
     For the rotor-bearing system describled in Fig. 2.1, the equations of motion expressed 
in polar coordinates are [8]: 
φφεε ε cos2 WfmCmC +=− ???                                                                                     (2.15) 
φφεφε φ sin2 WfmCmC −=+ ????                                                                                   (2.16) 
In the above equations, “.” represents d/dt, and m, W are the rotor mass per bearing and 
load per bearing, respectively. C is the radial clearance. ε  and φ  are both function of 
time t. εf  and φf  are determined by Eqs. (2.11 & 2.12).  
 
     Normalizing the time t by substituting tt ω= , the dimensionless forms of the 
equations of motion are given as follows: 
0cos2
2 =−−− φωφεε ε mC
Wf???                                                                                  (2.17) 
0sin2 2 =+−+ φεωεε
φεφ φ
mC
Wf????                                                                                (2.18) 
where “.” represents d dtω , and  
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     To solve the above nonlinear equations of motion, these two 2nd order nonlinear 
equations of motion are decomposed into four 1st order equations. Let ε=1x , ε?=2x ,  
φ=3x , φ?=4x , ( )3 2.5 0.52RL mC gµΓ =  and C gω ω= , then the equations of motion 
become 
21 xx =?                                                                                                                          (2.21) 
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43 xx =?                                                                                                                          (2.23) 
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where g is the gravitational constant. Γ  is a dimensionless bearing’s characteristic 
constant if the oil viscosity µ  is constant.  
 
     The above system of Eqs. (2.21-2.24)  is of the form 
( , )ω=x f x?                                                                                                                    (2.25) 
It, therefore, is in a suitable form for the application of HBT. 
 
     The steady state equlibrium position sx  in terms of ( 1s sx ε= , 2s sx ε= ? , 3s sx φ= , 
4s sx φ= ? ) can be found analytically from ( , ) 0s ω =f x . The subscript s denotes the steady 
state equlibrium position. The resulting equations for the static equilibium position of the 
system with consideration of the turbulent effects are:  
( )
( )
( )
( )
( ) ( ) ( )
( ) ( )
22
22 22
1 11
2 322 2 21 1 11 1
2
1 22 2 22
1 1 1
1
3
22 2 1
1 1 1
2 2 2 2 31 1ln
11 2 1
0
2 3 1 1
2tan
12 2 2 1 ln
z z s z z z z sz s
z
s s ss s
s
z z z s s z s
s
s
z z s z s z s
a b x b b a b xb x b
x x xx x
x
b a b x x b x
x
xa b x b x b x
π
ω
π π
−
⎡ ⎤⎡ ⎤− + + −⎛ ⎞+ ⎛ ⎞⎢ ⎥⎢ ⎥− + − =⎜ ⎟ ⎜ ⎟⎢ ⎥− Γ⎢ ⎥ ⎝ ⎠− ⎝ ⎠ −⎣ ⎦ ⎣ ⎦
=
⎡ ⎤+ − − − −⎣ ⎦= +⎡ ⎤− + − −⎣ ⎦
1
4
1
0
s
s
x
x
⎛ ⎞⎜ ⎟⎜ ⎟⎜ ⎟⎛ ⎞⎜ ⎟⎜ ⎟−⎝ ⎠⎝ ⎠
=
 (2.26) 
 13
 
     Since ( ) ( )( )21 1 2S L Dω πΓ = , the first equation in Eq. (2.26) gives the relationship 
between the Sommerfeld Number S and the eccentricity, sε , and the third equation gives 
an expression for the attitude angle, sφ , corresponding to a specific Sommerfeld number. 
 
     Under the laminar flow condition with 1=za  and 0=zb , the resulting equations for 
the static equilibium position of the system are: 
 
( )
( )
2 2 2
1 1 1
2 22
1
2
2
11
3
1
4
16 1 1
1
0
1
tan
4
0
s s s
s
s
s
s
s
s
x x x
Lx S
D
x
x
x
x
x
π
π
π−
+ − = ⎛ ⎞− ⎜ ⎟⎝ ⎠
=
⎛ ⎞−⎜ ⎟= ⎜ ⎟⎝ ⎠
=
                                                                           (2.27) 
 
     These expressions are identical to those obtained by direct solution of the Reynolds 
equation based on the infinitely short bearing assumption and laminar flow condition [19]. 
The steady state equlibrium position can be rewriten as ( ,0, ,0)s s sε φ=x . 
 
2.3.3 Linearized Stiffness and Damping Coefficients 
 
     The definitions of the stiffness coefficients ijk  ( φε ,, =ji ) and the damping 
coefficients ijb  ( φε ,, =ji ) are given as follows [33]. 
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⎥⎥
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∂−∂
∂−
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∂−∂
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⎤⎢⎣
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εφεε
εφεε
εφφ
φεε
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⎡
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∂−
∂
∂−∂
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f
C
f
C
f
C
f
bb
bb
        (2.28) 
 
where all derivatives are evaluated at the equilibrium position ( ,0, ,0)s s sε φ=x  and “.” 
represents d/dt. 
 
     Substituting Eqs. (2.11 & 2.12) in Section 2.3.1 into Eq. (2.28) and simplifying the 
resulting expressions, it can be shown that the elements of the linearized stiffness matrix 
ijk  ( φε ,, =ji ) are:  
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5
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⎡ ⎤− + + +⎛ ⎞⎢ ⎥= + −⎜ ⎟⎢ ⎥− −⎝ ⎠−⎣ ⎦
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         (2.29) 
The elements of the damping matrix ijb  ( φε ,, =ji ) are: 
( )
( )
( )
( )
( )
( )
( )
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⎡ ⎤− + +⎛ ⎞⎢ ⎥= − − ⎜ ⎟⎢ ⎥−⎝ ⎠−⎣ ⎦
⎡ ⎤− + +⎛ ⎞⎢ ⎥= − − ⎜ ⎟⎢ ⎥−⎝ ⎠−⎣ ⎦
+ −=
− z
b
⎡ ⎤⎢ ⎥−⎢ ⎥⎢ ⎥⎣ ⎦
                                                   (2.30) 
 
     Under laminar condition with 1=za  and 0=zb , the stiffness and damping 
coefficients are given as: 
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Using ( ) ( )3ij ijk C R L kµω= , ( φε ,, =ji ) and ( ) ( )3ij ijb C R L bµ= , ( φε ,, =ji ), the 
normalized stiffness matrix ijk  ( φε ,, =ji ) become:  
( ) ( )
( ) ( )
( )
( )
( )( ) ( ) ( )
( )
22
3 2 22
2 2
32
2 2
5
2 2 2 22
2
5
2 2 2
2
4 2 1 8 212 ln
1 11
2 32
2 1
3 1 2 2 1 2 4 1
1
22
z z z z z
z z z
z
z z z z
z
a b b b bLk
D
b a bLk b
D
a b b bLk
D
aLk
D
εε
εφ
φε
φφ
ε ε ε ε
ε ε ε εε
επ
ε ε
π ε ε ε ε
ε ε
ε
⎡ ⎤− + + +⎛ ⎞ ⎛ ⎞⎢ ⎥= + −⎜ ⎟ ⎜ ⎟⎢ ⎥− −⎝ ⎠ ⎝ ⎠−⎣ ⎦
⎡ ⎤+ −⎛ ⎞ ⎢ ⎥= −⎜ ⎟ ⎢ ⎥⎝ ⎠ −⎢ ⎥⎣ ⎦
⎡ ⎤− + + − + −⎢ ⎥⎛ ⎞ ⎣ ⎦= −⎜ ⎟⎝ ⎠ −
⎛ ⎞= ⎜ ⎟⎝ ⎠
( )
( )
2
22
2 2 1ln
11
z z zb b bε ε
ε εε
⎡ ⎤− + +⎛ ⎞⎢ ⎥− ⎜ ⎟⎢ ⎥−⎝ ⎠−⎣ ⎦
                      (2.33) 
The elements of the normalized damping matrix ijb  ( φε ,, =ji ) are: 
( )
( )
( )
( )
( )
( )
22
2
5 2
2 2
2 2
22
2 2
22
2
2
25 2 3 22
1
28 1ln
2 11
28 1ln
2 11
24
z
z z z z
z
z z z z
z z z z
z z
ba b a b bLb
D
a b b bLb
D
b a b bLb
D
b aLb
D
εε
εφ
φε
φφ
ε επ εε
ε ε
ε ε εε
ε ε
ε ε εε
π
ε
⎡ ⎤+ + − −⎢ ⎥⎛ ⎞= +⎢ ⎥⎜ ⎟⎝ ⎠ ⎢ ⎥−⎣ ⎦
⎡ ⎤− + +⎛ ⎞ ⎛ ⎞⎢ ⎥= − −⎜ ⎟ ⎜ ⎟⎢ ⎥−⎝ ⎠ ⎝ ⎠−⎣ ⎦
⎡ ⎤+ − +⎛ ⎞ ⎛ ⎞⎢ ⎥= − −⎜ ⎟ ⎜ ⎟⎢ ⎥−⎝ ⎠ ⎝ ⎠−⎣ ⎦
+⎛ ⎞= ⎜ ⎟⎝ ⎠
( )
( )
2
3
2 2
3
2 1
z
z
b
b
ε
ε
⎡ ⎤−⎢ ⎥−⎢ ⎥−⎢ ⎥⎣ ⎦
                                                (2.34) 
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     These expressions for the stiffness and damping coefficients for laminar fluid flow are 
consistent with the formulae in reference [43]. 
 
2.3.4 Application of Hopf Bifurcation Theory to the Equations of Motion 
 
     The equations of motion as given in (2.25) have the suitable form of ( , )ω=x f x?  and 
possess a steady state equlibrium position sx  (the stationary point as required by 
assumption (i) in Section 2.2) for the application of the Hopf bifurcation theory. Here, the 
system’s running speed ω  is considered as the system parameter ν  when all other 
parameters of the rotor-bearing system are fixed. According to HBT, if the parameter ω  
in the equations of motion (2.25) becomes greater than some critical value stω , an isolated 
stationary point ( )s ωx  will lose its linear stability by having a complex conjugate pair of 
eigenvalues crossing into the right half plane (positive real parts of eigenvalues) [24]. 
Hence, this critical value stω  is the well-known threshold speed of the instability of a 
rotor-bearing system. 
 
     To implement the Hopf bifurcation analysis, first, the right hand side of the nonlinear 
equations of motion (2.25) is expanded in a Taylor series about the static equilibrium 
position ( s=x x ) as follows. 
( ) ( ) ( ) ( ) ( ) ( ) ( )2 32 32 31 1, , , , , . . .2! 3!s s s s H O Tω ω ω ω ω
∂ ∂ ∂= + ∆ + ∆ + ∆ +∂ ∂ ∂
f f ff x f x x x x x x x
x x x
  (2.35) 
where ( ) ( ) ( )sω ω ω∆ = −x x x  and . . .H O T  represents the higher order terms in the 
Taylor expansion series. The zeroth order terms ( ),s ωf x  are used to determine the static 
equilibrium position as derived in Section 2.2. The first order terms ( ),s ω∂ ∂f xx — 
usually referred to as the Jacobian matrix of the equations of motion (2.25) — are used to 
determine the dynamic performance through the analysis of the eigenvalues. The second 
order terms ( )2 2 ,s ω∂ ∂f xx  and third order terms ( )
3
3 ,s ω∂ ∂f xx  are used to determine 
the stability of the periodic solutions. Specifically, the stability, the amplitude and the 
frequency of the periodic solutions are provided by these terms [24]. 
 
2.3.5 Threshold Speed of Instability  
 
     The critical speed stω  beyond which the static equilibrium becomes unstable can be 
identified as the speed at which a pair of the eigenvalues of the Jacobian matrix ( ),s ωxf x  
is equal to ( )sti ωβ±  while the real parts of all the other eigenvalues of the Jacobian 
matrix are purely negtive. The result of the threshold speed stω  is identical to that 
obtained by the general linearized stability analysis [8] since it is based on the same 
perturbation of the fluid force ( ) ( ) ( ), , ,s sω ω ω∂≈ + ∆∂ff x f x x xx , where ( ), 0s ω =f x .  
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     The Jacobian matrix of the equations of motion (2.25) at the stationary point sx  where 
( ), 0s ω =f x  is: 
( ) ( )
1 1
2 2 2 2
1 2 1 1 4
2 2 2 2
1 1 1 2 1 1 4
0 1 0 0
1 1
, ,
0 0 0 1
1 1 1 1
s s
ff f fx x
m C x m C x m Cx m Cx x
f f ff
x m C x x m C x m Cx m Cx x
φε ε ε
φ φ φε
ω ω ω ωω ω
ω ω ω ω
⎡ ⎤⎢ ⎥∂ ∂ ∂⎢ ⎥−⎢ ⎥∂ ∂ ∂∂= = ⎢ ⎥∂ ⎢ ⎥⎢ ⎥∂ ∂ ∂⎢ ⎥∂ ∂ ∂⎢ ⎥⎣ ⎦
x
ff x x
x
    (2.36) 
 
     In terms of the linearized dimensional stiffness and damping coefficients, 
remembering that tt ω= , ε=1x , ε?=2x ,  φ=3x  and φ?=4x , the Jacobian matrix —Eq. 
(2.36) — can be rewritten as: 
( ) 2 2
2 2
0 1 0 0
1 1
,
0 0 0 1
1 1 1 1
s
k b k b
m m m m
k b k b
m m m m
εε εε εφ εφ
φε φε φφ φφ
ε ε
ω ω ω ωω
ε ω ε ω ω ω
⎡ ⎤⎢ ⎥⎢ ⎥− − − −⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥− − − −⎢ ⎥⎣ ⎦
xf x                                      (2.37)       
 
     Using the normalization of ( ) ( )3ij ijk C R L kµω= , ( φε ,, =ji ), ( ) ( )3ij ijb C R L bµ= , 
( φε ,, =ji ), C gω ω=  and ( ) ( )22S LD mg R Cµω π= , the Jacobian matrix —Eq. 
(2.37) — is normalized as: 
( ) 2 2 2 2
2 2 2 2
0 1 0 0
,
0 0 0 1s
S S S Sk b k b
S S S Sk b k b
εε εε εφ εφ
φε φε φφ φφ
π π επ επ
ω ω ω ωω
π π π π
εω εω ω ω
⎡ ⎤⎢ ⎥⎢ ⎥− − − −⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥− − − −⎢ ⎥⎣ ⎦
xf x                                         (2.38)   
 
From  ( ) ( ), ,sω ω∂≈ ∆∂ff x x xx  and Eq. (2.38), one has 
2 2 2 2
2 2 2 2
S S S Sk b k b
S S S Sk b k b
εε εε εφ εφ
φε φε φφ φφ
επ π επ επ
ε εω ω ω ω
φ π π π π φ
εω εω ω ω φ
∆⎛ ⎞⎡ ⎤− − − − ⎜ ⎟⎢ ⎥ ∆⎛ ⎞ ⎜ ⎟= ⎢ ⎥⎜ ⎟ ⎜ ⎟∆⎝ ⎠ ⎢ ⎥− − − − ⎜ ⎟⎢ ⎥⎣ ⎦ ∆⎝ ⎠
?? ?
??
?
                                       (2.39) 
 
     If the system is at the threshold speed stω , then the motion of the journal will take on 
the following form [44]: 
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                                                                                        (2.40) 
where s stω ωΩ =  is the whirl frequency ratio at the threshold speed stω . 
 
Substituting Eq. (2.40) into Eq. (2.39), the following expressions are obtained. 
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For a nontrivial solution of Eq. (2.41), the following condition must be satisfied: 
0
22
2
22
2222
2
=
−Ω−Ω−Ω−
−Ω−−Ω−Ω
φφφφφεφε
εφεφεεεε
ω
π
ω
π
ωε
π
ωε
π
ω
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ω
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ω
π
ω
π
kSbSikSbSi
k
S
b
S
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stststssts
st
s
st
s
stst                                          (2.42) 
That is ( )( )
( )( ) 0
2222
=+Ω+Ω−
−Ω−Ω−Ω−Ω
εφεφφεφε
φφφφεεεε
ππππ
ππωππω
kSbSikSbSi
kSbSikSbSi stst                                                   (2.43)  
 
Let ijij kSK π= , ijij bSB π=  ( φε ,, =ji ), Eq. (2.43) can be rewritten as ( )( )
( ) ( )[ ] 02222
222222
=++−Ω+−ΩΩ−
Ω+−Ω−−Ω−Ω
φεεφεφφεφφεεεεφφ
φεεφεφφεφφεεφφεε
ωω
ωω
KBKBKBKBi
BBKKBBKK
stst
stst                               (2.44) 
 
Letting the sum of the real terms and the sum of the imaginary terms of Eq. (2.44) to be 
equal to 0 respectively, yields: ( )( )
( ) ( ) 0
0
2222
222222
=++−Ω+−Ω
=Ω+−Ω−−Ω−Ω
φεεφεφφεφφεεεεφφ
φεεφεφφεφφεεφφεε
ωω
ωω
KBKBKBKB
BBKKBBKK
stst
stst  
 
From these two equations, we obtain the following relationships. 
φφεε
εφφεφεεφεεφφφφεεωω
BB
BKBKBKBK
sts +
−−+=Ω= 222                                                      (2.45) 
 
( )( )
φεεφφφεε
φεεφφφεε ωω
ω
ω
BBBB
KKKK ss
st
s
−
−−−==Ω
22
2
2
2                                                                (2.46) 
 
Therefore, the dimensionless threshold speed is: 
( )( ) φεεφφφεε φεεφφφεε ωωωω KKKK
BBBB
ss
sst −−−
−= 22                                                                   (2.47) 
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where the dimensionless whirl speed is: 
φφεε
εφφεφεεφεεφφφφεεω
BB
BKBKBKBK
s +
−−+=                                                                  (2.48) 
 
2.3.6 Shape and Size and Stability of the Periodic Solutions of Journal Orbit 
 
     Hassard et al. [40] developed a general algorithm to calculate the typical bifurcation 
parameters using HBT. A Hopf bifurcation subroutine developed by Hassard et al. [40] 
was utilized as a part of the simulation package developed in this research. Having 
evaluated the terms ( ),s ωxf x  and ( )2 2 ,s ω∂ ∂f xx  and ( )
3
3 ,s ω∂ ∂f xx , using the Hopf 
bifurcation formulae based on six bifurcation parameters, the shape and size and stability 
of the periodic solutions close to the bifurcation point can be evaluated [40]. 
  
     The approximate periodic solutions (system’s response) can be expressed using the 
following Hopf bifurcation formulae [40].  
( ) ( ) ( )12 2 1
2
( , ) Re
it
st T
s st stt e O
πω ωω ω ω ωγ
⎛ ⎞−= + + −⎜ ⎟⎝ ⎠
x x v                                           (2.49) 
( )22
0 2
2( ) 1 st stT O
ω ωπω τ ω ωω γ
⎡ ⎤⎛ ⎞−= + + −⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
                                                               (2.50) 
( )22
2
( ) stp stS O
ω ωω β ω ωγ
⎛ ⎞−= + −⎜ ⎟⎝ ⎠
                                                                           (2.51) 
 
     Here ( )ωT  is the period of the periodic solution of journal orbit at speed ω  and 
( )pS ω  is the characteristic exponent that determines its orbital stability. Equations (2.49-
2.51) involve six bifurcation parameters ( stω , 2γ , 1v , ,0ω  2τ  and 2β ) for a specific 
rotor-bearing system with a given oil viscosity µ . 2γ  represents the parameter that gives 
the range of the existence of the periodic solutions of journal orbit. If 02 <γ , periodic 
solutions exist for stωω < ; if 02 >γ , periodic solutions exist for stωω > . 2τ  is the 
coefficient in the expansion of the periods of periodic solutions as the running speed ω  
goes away from the critical value stω . 2β  is the leading coefficient in the expansion of a 
characteristic exponent. If ( ) 0pS ω < (i.e. 02 <β ), the periodic solution is orbital-
asymptotically stable with an asymptotic phase (see Appendix C for definition). If 
( ) 0pS ω >  (i.e. 02 >β ), the periodic solution is orbital-asymptotically unstable. 0ω  is 
defined as ( )stβ ω  in Section 2.2. Parameter 1v  contains an eigenvector of the Jacobian 
matrix at the stationary point when stω ω= . 1v  is normalized so that its first non-
vanishing component is 1.0 [40].  
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2.4 Results and Discussion 
 
2.4.1 Performance of the Journal Bearing Including Turbulent Effects 
 
     Figures (2.3-2.7) predict how turbulence affect the eccentricity ratio, the normalized 
stiffness coefficients ijk  ( φε ,, =ji ) and damping coefficients ijb  ( φε ,, =ji ), the 
threshold speed stω  and the whirl frequency ratio Ω . They are obtained using the 
analytical expressions derived in Section 2.3. Here, a rotor-bearing system with 
0.5L D =  is analyzed. 
 
     Figure 2.3 shows that turbulence has a pronounced influence on the steady state 
eccentricity ratio when 0.05 4S≤ ≤ . For example, when 0.4S = , the eccentricity ratio 
0.51ε =  if the flow is laminar. At the same Sommerfeld number, the eccentricity ratio is 
predicted to drop to 0.42ε =  with Re 2500=  and to 0.36ε =  with Re 5000=  to 
0.27ε =  with Re 10000= . On the other hand, the turbulent effect on the eccentricity 
ratio fades out as Sommerfeld number S becomes very large or very small. 
 
     Figures 2.4 and 2.5 reveal that the turbulence has a remarkable influence on the 
stiffness and damping coefficients of a rotor-bearing system. The effect of turbulence on 
the threshold speed stω  as shown in Fig. 2.6 is consistent with those descibed in reference 
[36]. It shows that turbulence tends to deteriorate the stability of the rotor-bearing system  
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Fig. 2.3  Turbulent effects on the eccentricity ratio. 
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Fig. 2.4 Turbulent effects on the dimensionless stiffness coefficients ijk  ( φε ,, =ji ). 
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Fig. 2.5 Turbulent effects on the dimensionless damping coefficients ijb  ( φε ,, =ji ). 
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Fig. 2.6 Turbulent effects on the dimensionless threshold speed stω  
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Fig. 2.7  Turbulent effects on the whirl frequency ratio Ω  at the threshold speed stω . 
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and that the higher the Reynolds number, the lower is the stability threshold speed, 
especially when the Sommerfeld number is small. 
 
     Figure 2.7 shows that, as the Sommerfeld number S becomes greater than about 5, the 
whirl frequency ratio Ω  approaches 0.5 and turbulent effects become negligible. When  
the Sommerfeld number is in the given range of 0.3 5S≤ ≤ , the whirl frequency is 
around 0.5 and the turbulent effects become noticeable. However, when the Sommerfeld 
number is smaller than about 0.3, the effect of turbulence on the whirl frequency ratio is 
remarkable. The greater the Reynolds number, the higher is the whirl frequency ratio.  
 
2.4.2 Shape and Size and Stability of the Periodic Solutions 
 
     Consider the rotor-bearing system whose specifications are listed in Table 2.1. This 
rotor-bearing system consists of a rigid and lightly-loaded rotor symmetrically supported 
by two identical plain journal bearings.  
 
Table 2.1 Specification of the rotor-bearing system 
 
Journal diameter (D) 0.076 m 
Length of the bearing (L) 0.038 m 
Radial clearance (C) 1.27×10-4 m 
Mass of the rotor (2m) 4.54 kg 
Lubricant viscosity ( µ ) 0.00138 Pa⋅s
Lubricant density ( ρ ) 1000 kg/m3 
 
     Based on the development presented in Section 2.3.6, the Hopf bifurcation parameters 
shown in Table 2.2 are obtained.  
 
Table 2.2 Hopf Bifurcation Parameters 
 
 stω  2γ  2τ  2β  0ω  1v  ( )s stωx
 
Results without  
consideration of 
turbulent effects 
2.686 -4.050 0.289 0.688 0.509 1.000+0.000i 
0.000+0.509i 
0.605-5.746i 
2.930+0.308i 
0.192 
0 
1.325 
0 
Results with  
consideration of 
turbulent effects 
(Re=2507 at stω ) 
2.573 -9.599 0.108 1.374 0.503 1.000+0.000i 
0.000+0.503i 
0.549-8.163i 
4.111+0.276i 
0.127 
0 
1.427 
0 
 
     Table 2.2 shows the differences between the results of the Hopf bifurcation parameters 
with consideration of the turbulent effects ( Re 2507=  at stω ) and those neglecting the 
turbulent effects. It is shown that the dimensionless threshold speed stω  is decreased 
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from 2.686 to 2.573 if the turbulent effects are included. Since 02 <γ  and 02 >β  for 
both of these two cases, unstable periodic solutions exist for the system running speeds 
which are close to but less than the threshold speed stω . 
 
     From the Hopf bifurcation parameters in Table 2.2, the following figures of the 
periodic solutions were obtained using the Hopf bifurcation formulae (2.49-2.51) 
described in Section 2.3.2. 
 
     Fig. 2.8 (a) shows the shapes of the periodic solutions corresponding to a series of 
specific running speeds close to but less or equal to the critical speed stω  with the 
turbulent effects neglected. Each cross-section of Fig. 2.8(a) at a given dimensionless 
running speed ω  represents the periodic solution of the journal orbit at this running speed. 
Fig. 2.8(a) reveals that the periodic solutions of journal orbit shrink to a single point as 
the running speed approaches the critical value, stω . Fig. 2.8 (b) shows the same profile 
but the results include with turbulent effects (Re=2507 at stω ). To better understanding 
the turbulent effects on the periodic solutions of the journal orbit corresponding to the 
same system’s running speed, Fig. 2.9 was drawn to compare the bifurcation profile 
neglecting turbulent effects with that considering the turbulent effects.  
 
     Fig. 2.9 shows the bifurcation profiles, which depict the amplitudes of the periodic 
solutions corresponding to a series of specific running speeds close to but less or equal to 
the critical speed stω . The amplitude of the periodic solution corresponding to a specific 
running speed ω  is bounded by ( ) 2s stε ω ω γ± − . The amplitude of the periodic 
solution will shrink to one point as the running speed approaches the critical value stω . 
The threshold speed ( 2.573stω = ) with consideration of turbulent effects (Re=2507 at 
stω ) is significantly lower than that ( 2.686stω = ) neglecting the turbulent effects.  If the 
threshold speeds are converted to dimensional form, the threshold speed with 
consideration of turbulent effects will be 6829 rpm and the threshold speed neglecting the 
turbulent effects will be 7130 rpm. 
 
     In Fig. 2.10, the operating line of the system is drawn using the expression ( )0.5 2.5 3mg C LR Sω π µ= , which describes the relationship between the system’s 
dimensionless running speed ω  and the Sommerfeld number S. It is derived directly 
from the definition of the Sommerfeld number ( ) ( )2S RL mg R Cµ ω π=  and 
C gω ω= . Figure 2.10 shows that the threshold speed with consideration of turbulent 
effects is 2.573. If the turbulent effects are neglected, the predicted threshold speed will 
be 2.686. Those predictions are consistent with those predicted using HBT. 
 
     As an example, Fig. 2.11 compares the periodic solution with consideration of 
turbulent effects, i.e. a cross-section of Fig. 2.8(b) at the dimensionless running speed of 
2.54ω = , and that when neglecting the turbulent effects, i.e. a cross-section of Fig. 2.8(a) 
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(a) Results neglecting turbulent effects. 
(b) Results with consideration of the turbulent effects (Re=2507 at stω ). 
Fig. 2.8 Shapes of the periodic solutions corresponding to a series of specific running speeds. 
stω
stω
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Fig. 2.10 Prediction of the threshold speed using Fig. 2.6. 
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at the dimensionless running speed of 2.54ω = . 
 
     Fig. 2.11 shows that the periodic solution with consideration of turbulent effects is 
much smaller than that neglecting the turbulent effects when the dimensionless running 
speed 2.54ω = . According to the definition of the unstable periodic solution, if the 
journal is released from a position inside the unstable periodic solution, the system tends 
to asymptotically approach the steady state equilibrium position; if the journal is released 
from a position outside the unstable periodic solution, the orbit of the journal of the 
system tends to asymptotically approach the clearance circle, i.e. becomes unstable [40]. 
Therefore, Fig. 2.11 reveals that the turbulent effects make the region of stability 
corresponding to the same system’s running speed much smaller. 
 
2.5 Summary 
 
     Using the Hopf Bifurcation Theory, the steady state and dynamic characteristics of a 
rotor-bearing system with the consideration of turbulent effects are evaluated. Using HBT, 
closed-form analytical expressions for the stiffness and damping coefficients of a short 
bearing with provisions for turbulence are derived. It is shown that the turbulence has a 
remarkable affect on the static and dynamic performances of a rotor-bearing system. 
Particularly when the Sommerfeld number is less than 0.3, the turbulence influence on 
the dynamic performances such as the threshold speed stω  becomes very appreciable. It 
is also shown that turbulence has a remarkable influence on the periodic journal oribit. 
Fig. 2.11 Periodic solutions with and without turbulent effects at 2.54ω =  
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3 Prediction of the Stability Envelope of Rotor-Bearing Systems 
 
 
     In this chapter, a method is developed for predicting the stability envelope of a rotor 
dynamic system using the Hopf bifurcation theory (HBT). Results are compared with 
published literature obtained using a trial-and-error method. 
3.1 Introduction 
 
     The importance of rotor-bearing system instability due to oil whirl in journal bearings 
has been recognized since 1925 [3], and even today remains to be an important design 
consideration in many types of modern rotating machinery. While extensive volumes of 
research have been devoted to this subject, there are still many topics that need more 
detailed research. 
 
     Newkirk and Taylor [3], in their classical paper of 1925 dealing with the oil whip of a 
rotor-bearing system, pointed out that some rotor-bearing systems which were running 
quietly at speeds lower than the threshold speed stω  could start whipping violently just 
due a “special shock.” Sometimes, even a “slight” shock was sufficient to initiate violent 
whipping. Hori confirmed this phenomenon in 1959 [5] and did extensive research on 
how an earthquake –which can be regarded as a shock– affects the occurrence of the oil 
whip of a rotor-bearing system [6 & 7].  
 
     The concept of the stability envelope [8] offers an insight into the behavior of bearing 
instability, particularly as related to the initial conditions imposed on the system. 
According to [8], there exists a distinct region of stability within a closed boundary 
(called stability envelope Rs) that encircles the steady state equilibrium position. If the 
journal is released from inside the Rs (such as point A in Fig. 3.1a) with zero initial 
velocity, the orbit will settle into a steady state equilibrium position. If released from 
outside the Rs (such as point B in Fig. 3.1b) with zero initial velocity, the orbit will grow 
larger and larger until the system reaches the so-called whip condition where the orbit 
extends to the clearance circle of the rotor-bearing system, endangering the system’s 
operation [8]. The shape and size of the Rs depends on the operating conditions of the 
rotor-bearing system.  
 
     The concept of Rs provides a means for explaining the shock effects on the 
occurrence of the oil whip firstly mentioned by Newkirk and Taylor [3]. The “special 
shock” in their paper can be considered as a perturbation whose magnitude and relative 
position is located outside the Rs. The magnitude of the shock, or the earthquake, which 
can cause the quietly running rotor-bearing system to whip is defined by the shape and 
size of the predicted Rs. 
 
The determination of shape and size of Rs is important in predicting whether an external 
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(a) Stable if the journal is released inside the stability envelope Rs . 
(b) Unstable if the journal is released outside the stability envelope Rs. 
Fig. 3.1 Illustration of the stability envelope Rs in the clearance circle [8]. 
 33
perturbation can cause the system to become unstable even when the operating speed is 
well below the instability threshold speed [8]. In Khonsari & Chang’s paper [8], a trial-
and-error method was proposed to determine Rs corresponding to a specific set of system 
operating parameters. For a given attitude angle, the bisection method was used to 
determine the point on the Rs. This trial-and-error method is “straightforward but 
requires rather lengthy computations” [8]. An exhaustive study using this method is not 
practical. 
 
     The purpose of the present chapter is to provide a more straightforward method to 
predict Rs. This method is based on the Hopf bifurcation analysis of a rotor-bearing 
system, which consists of a rigid rotor symmetrically supported by two identical journal 
bearings. The stability envelope Rs predicted using the Hopf bifurcation theory (HBT) is 
verified by those obtained by the trial-and-error method. 
  
     The details of the application of HBT for the stability analysis of a rigid rotor 
symmetrically supported by two long journal bearings was presented by Myers [23] in 
1984. A similar analysis, but using the short bearing theory, was published by Hollis & 
Taylor [24]. Sundararajan & Noah [25, 26] analyzed a more general case of finite journal 
bearings using HBT and discussed the effects of different length/diameter ratios on the 
subcritical bifurcation and supercritical bifurcation regimes. Deepak and Noah [34] 
provided experimental evidence that verified the existence of the subcritical bifurcation 
of a single disk rotor supported on a short journal bearing.  
 
     The basic governing equations in the stability analysis using HBT are briefly 
summarized in Section 3.3 for completeness. 
3.2 Equations of Motion 
 
     Consider a system consisting of a rigid and perfectly-balanced rotor (with mass 2m) 
symmetrically supported by two identical oil-film journal bearings shown in Fig. 3.2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3.2 Model of a rigid rotor symmetrically supported by two journal bearings 
x
z 
y 
φ  
Ob 
Central disk 
2m  
Bearing Bearing 
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     In polar coordinates, based on Newton’s second law, the equations of motion of this 
rotor-bearing system with the oil flow in the bearings under laminar flow condition are 
written as[8]: 
0cos2
2 =−−− φωφεε ε mC
Wf???                                                                                   (3.1) 
0sin2 2 =+−+ φεωεε
φεφ φ
mC
Wf????                                                                                 (3.2) 
 
In the above equations, “.” represents ( )d dtω , and m, C, ω , W, ε  and φ  are the rotor 
mass per bearing, radial clearance, running speed, load per bearing, eccentricity ratio and 
attitude angle respectively. ε  and φ  are both function of time t. εf  and φf  are the radial 
and tangential fluid forces, which can be determined by integrating the fluid pressure 
distribution obtained from the solutions to the Reynolds equation with appropriate 
boundary conditions. Assuming that the short bearing theory with Half-Sommerfeld 
boundary condition applies [19], these forces are given as follows [8]: ( )
( )
( )
( ) ⎥⎥⎦
⎤
⎢⎢⎣
⎡
−
++−
−−= 252
2
22
2
2
3
1
21
1
212
2
1
ε
εεπ
ε
φεµ
ωε
??
C
RL
mC
f                                                          (3.3) 
( )
( ) ( ) ⎥⎥⎦
⎤
⎢⎢⎣
⎡
−+−
−= 222322
3
1
4
12
21
2
1
ε
εε
ε
εφπµ
ωφ
??
C
RL
mC
f                                                                  (3.4) 
 
     To solve the equations of motion, regardless of whether Hopf Bifurcation Theory 
(HBT) or Runge-Kutta-Fehlberg method is used, the two 2nd order equations are required 
to be decomposed into four 1st order equations. Let ε=1x , ε?=2x ,  φ=3x , φ?=4x , ( )3 2.5 0.52RL mC gµΓ =  and C gω ω= , then the equations of motion are decomposed 
as follows: 
( )( ) ( )( )
( )( ) ( ) 31222122321 41 424
43
32252
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                                             (3.5) 
where g is the gravitational constant, and Γ  is a dimensionless bearing’s characteristic 
constant if the oil viscosity µ  is constant.  
 
     The above system of equations (3.5)  is of the form 
( , )ω=x f x?                                                                                                                    (3.6) 
It is, therefore, suitable for the applications of HBT and Runge-Kutta-Fehlberg method 
[8]. The steady state equlibrium position sx  (see Eq. (2.27)) in terms  of ( 1s sx ε= , 
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2s sx ε= ? , 3s sx φ= , 4s sx φ= ? ) can be found analytically as ( ,0, ,0)s s sε φ=x  from 
( , ) 0s ω =f x . 
3.3 Application of Hopf Bifurcation Theory to the Equations of Motion 
 
     The equations of motion as given in (3.6) possesses a steady state equlibrium position 
sx  (the stationary point) and satisfies the four hypotheses for the application of the Hopf 
bifurcation theory (HBT) [40]. Section 2.2 shows a brief description of HBT. Here, the 
system’s running speed ω  is considered as the system parameter ν  in the general form 
of the system equations ( , )ν=x f x?  when the other parameters of the rotor-bearing system 
including the oil viscosity are all fixed. According to HBT, if the parameter ω  in the 
equations of motion (3.6) becomes greater than the critical value stω , an isolated 
stationary point ( )s ωx  loses its linear stability because a complex conjugate pair of its 
eigenvalues crosses into the right half plane (positive real parts of eigenvalues) [24]. 
Hence, this critical value stω  is the well-known threshold speed of the instability of a 
rotor-bearing system. 
 
     To implement the Hopf bifurcation analysis, first, the right hand side of the 
decomposed nonlinear equations of motion (3.6) is expanded in a Taylor series about the 
static equilibrium position ( s=x x ) as follows. 
( ) ( ) ( ) ( ) ( ) ( ) ( )2 32 32 31 1, , , , , . . .2! 3!s s s s H O Tω ω ω ω ω
∂ ∂ ∂= + ∆ + ∆ + ∆ +∂ ∂ ∂
f f ff x f x x x x x x x
x x x
  (3.7) 
where ( ) ( ) ( )sω ω ω∆ = −x x x  and . . .H O T  represents the higher order terms in the 
Taylor expansion series. The zeroth order terms ( ),s ωf x  are used to determine the static 
equilibrium position. The first order terms ( ),s ω∂ ∂f xx  — usually referred to as the 
Jacobian matrix — are used to determine the dynamic performance through the analysis 
of the eigenvalues. The second order terms ( )2 2 ,s ω∂ ∂f xx  and third order terms 
( )3 3 ,s ω∂ ∂f xx  are used to determine the stability of the periodic solutions. Specifically, 
the existence, the stability, the amplitude and the frequency of the periodic solutions are 
provided by these terms [24, 40]. 
 
     The approximate periodic solutions (system responses) of journal orbit can be 
expressed as the following Hopf bifurcation formulae when the parameter ω  is close to 
the critical value stω  [40]: 
( ) ( ) ( )12 2 1
2
( , ) Re
it
st T
s st stt e O
πω ωω ω ω ωγ
⎛ ⎞−= + + −⎜ ⎟⎝ ⎠
x x v                                          (3.8) 
( )22
0 2
2( ) 1 st stT O
ω ωπω τ ω ωω γ
⎡ ⎤⎛ ⎞−= + + −⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
                                                               (3.9) 
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( )22
2
( ) stp stS O
ω ωω β ω ωγ
⎛ ⎞−= + −⎜ ⎟⎝ ⎠
                                                                           (3.10) 
 
     These expressions are valid for 02 ≠γ . Here ( )ωT  is the period of the periodic 
solution of journal orbit at speed ω  and ( )pS ω  is the characteristic exponent that 
determines its orbital stability. Equations (3.8-3.10) involve six bifurcation parameters 
( stω , 2γ , 2τ , 2β , 0ω  and 1v ) for a specific rotor-bearing system with a given oil 
viscosity µ . The range of the existence of the periodic solutions of journal orbit is given 
by 2γ . If 02 <γ , periodic solutions exist for stωω < ; if 02 >γ , periodic solutions exist 
for stωω > . 2τ  is the coefficient in the expansion of the periods of periodic solutions as 
the running speed ω  goes away from the critical value stω . 2β  is the leading coefficient 
in the expansion of a characteristic exponent. If ( ) 0pS ω < (i.e. 02 <β ), the periodic 
solution is orbital-asymptotically stable with an asymptotic phase [40]. If ( ) 0pS ω >  
(i.e. 02 >β ), the periodic solution is orbital-asymptotically unstable. 0ω  is defined as 
( )stβ ω  in Section 2.2. Parameter 1v  contains an eigenvector of the Jacobian matrix at 
the stationary point when stω ω= . A Hopf bifurcation subroutine developed by Hassard 
et al. [40] was utilized as a part of the simulation package developed in this research to 
obtain these six bifurcation parameters. 
 
     According to the definition of the stability of the periodic solutions, if the periodic 
solution is asymptotically stable, any trajectory with initial value nearby of the periodic 
solution tends to the periodic solution as time goes to infinity. If the periodic solution is 
asymptotically unstable, any trajectory with initial value nearby the periodic solution 
tends to move away from the periodic solution as time goes to infinity [40].  
 
     The definition of the unstable periodic solution directly corresponds to that of the 
stability envelope Rs [8]. It means that: if the journal is released from a position inside 
the Rs, the system tends to asymptotically approach the steady state equilibrium position; 
if the journal is released from a position outside the Rs, the orbit of the journal of the 
system tends to asymptotically approach the clearance circle, i.e. becomes unstable. Thus, 
HBT provides a direct method to predict the unstable periodic solution or the Rs.  
 
     The interpretation of the stable periodic solution is straightforward. Concerning the 
unstable periodic solution, the implication is that a sufficiently large perturbation may 
cause a stable system to enter into an unstable state. In other words, the stability is 
dependent upon the magnitude of the initial conditions, as originally hypothesized in [8].  
3.4 Numerical Investigation of the Stability Envelope Rs 
 
     The system of equations (3.6) is also in a suitable form for the application of Runge-
Kutta-Fehlberg method. Consider a rotor-bearing system operating at a running speed ω  
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and a specified oil viscosity µ , let its initial conditions for the nonlinear equations of 
motion be [8]: 
( ) ( ) ( ) ( )1 0 2 0 3 0 4 00 ; 0 ; 0 ; 0x x x xε ε φ φ= = = = ??      when 0=t                                       (3.10) 
 
     The choice of the initial position of the journal can play an important role on 
determining the orbital stability [8]. Following the approach of [8], the nonlinear 
equations of motion (3.6) were treated using Runge-Kutta-Fehlberg method while the 
initial velocity is set to zero. The time step size is changed adaptively according to the 
given tolerance between the fourth and fifth order solutions. In the simulations reported 
in this chapter, the given tolerance is set to 10-8. To determine Rs, for a given attitude 
angle, the bisection method is used to determine the points on the Rs. After repeating the 
same procedures for all possible attitude angles, Rs is obtained through connecting all the 
predicted points. 
3.5 Results and Discussion 
 
     Consider the rotor-bearing system, whose specifications are listed in Table 3.1. This 
rotor-bearing system consists of a rigid rotor symmetrically supported by two identical 
plain journal bearings. We will apply HBT as described in Section 3.3 as well as the trial-
and-error technique in Section 3.4 to determine the stability envelope Rs. 
 
Table 3.1 Specification of the rotor-bearing system 
 
Journal diameter (D) 0.0254 m 
Length of the bearing (L) 0.0127 m 
Radial clearance (C) 50.8×10-6 m
Mass of the rotor (2m) 5.4523 kg 
Oil viscosity ( µ ) 0.01Pa⋅s 
 
     Based on the development presented in Section 3.3, the Hopf bifurcation parameters 
were obtained and the results are shown in Table 3.2.  
 
Table 3.2 Hopf Bifurcation Parameters 
 
stω  2γ  2τ  2β  0ω  1v  ( )s stωx  
2.64 -1.7540 0.3962 0.3088 0.5151 1.0+0.0i 
0.0+0.5151i 
0.5801-4.7457i 
2.4444+0.2988i 
0.2502 
0 
1.2528 
0 
 
     In Table 3.2, the dimensionless threshold speed 64.2=stω , where st st C gω ω= . 
Since 02 <γ  and 02 >β , unstable periodic solutions exist for 64.2=< stωω . Therefore, 
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the stability envelope Rs exists for the system running speeds which are close to but less 
than the threshold speed stω . 
 
     Using the Hopf bifurcation parameters in Table 3.2, the following figures of the 
periodic solutions were obtained using the Hopf bifurcation formulae (3.8-3.10) 
described in Section 3.3. 
 
     Figure 3.3(a) shows the shapes of the periodic solutions of journal orbit corresponding 
to a series of specific running speeds close to but below the critical speed 64.2=stω . 
Each cross-section of Fig. 3.3(a) at a given dimensionless running speed ω  represents the 
periodic solution of the journal orbit at this running speed. Figure 3.3(a) reveals that the 
periodic solutions of journal orbit shrink to a single point as the running speed 
approaches the critical value, stω . Figure 3.3(b) shows the bifurcation profiles, which 
depict the amplitudes of the periodic solutions corresponding to a series of specific 
running speeds close to but below the critical speed stω . The amplitude of the periodic 
solution of journal orbit corresponding to a specific running speed ω  is bounded by 
( ) 2s stε ω ω γ± − .  Figure 3.3(b) reveals that the amplitude of the periodic solution of 
journal orbit will shrink to one point as the running speed ω  approaches the critical value, 
stω . Figure 3.3(c), as an example, shows the periodic solution –Rs– when dimensionless 
running speed 63.2=ω . According to the definition of the Rs, Fig. 3.3(c) shows that, at 
63.2=ω , if the journal is released inside the Rs, the orbit of the journal of the system 
tends to asymptotically approach the steady state equilibrium position; if the journal is 
released outside the Rs, the orbit of the journal tends to asymptotically approach the 
clearance circle, i.e. becomes unstable. 
 
     The following three cases correspond to three different dimensionless running speeds 
of =ω 2.63, 2.60, 2.55. All three cases correspond to speeds below the dimensionless 
threshold speed of 64.2=stω . We shall compare the three stability envelopes Rs 
predicted by HBT and those determined by the trial-and-error method. The results are 
shown in Figs. (3.4-3.6). 
 
     In Figs. (3.4-3.6),  the solid line is the Rs predicted using HBT. The dots represent the 
Rs obtained by the trial-and-error method. From these figures, we note that the shapes of 
these two stability envelopes are similar. The Rs determined using HBT predicts a 
slightly smaller area than that obtained by the trial-and-error method. If the journal is 
released from within the Rs (such as point A), the orbit of the journal settles into a stable 
point. If released from outside the Rs (such as point B), the orbit will grow larger and 
larger until the system reaches the so-called whip condition where the orbit extend to near 
the clearance circle of the rotor-bearing system and failure is eminent. 
 
     The above three cases show that the stability envelope Rs can be conveniently 
predicted using HBT. At specific system running speed ω , the Rs predicted using Hopf 
Bifurcation Analysis is similar to, but encircles a slightly smaller area than that obtained  
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by trial-and-error method (Direct integration of the nonlinear equations of motion). That 
is partially because the stω  (2.64) obtained using HBT is slightly lower than stω  (2.65) 
obtained by direct numerical integration method. Figure 3.3 reveals that the size of 
stability envelope becomes smaller as the system’s running speed is getting closer to the 
predicted stω . Thus, the smaller stω  predicted using HBT will make the stability 
envelope predicted using HBT at specific system running speed ω  smaller than that 
obtained by direct numerical integration method. The difference in stability size can also 
be atributed to the effect of the higher order terms and the associated nonlinearities as one 
moves away from the bifurcation point. The closer to the bifurcation point the system 
running speed is, the more accurate the stability envelope Rs becomes. 
3.6 Summary 
 
     The trial-and-error method proposed for determining the stability envelope Rs by 
Khonsari & Chang [8] involves using the bisection method at each specified attitude 
angle. This trial-and-error method is straightforward but requires rather lengthy 
computations. A large amount of calculation based on the numerical integration is needed 
to obtain the Rs corresponding to one specific set of system operating parameters. 
      
     The application of Hopf Bifurcation Theory allows one to easily predict the stability 
envelope Rs, and the results are similar to those obtained using the trial-and-error method 
described in [8].  
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4. Hysteresis Phenomenon Associated with Instability of Rotor-Bearing 
Systems 
 
 
     Chapter 4 presents a method for predicting the occurrence of a hysteresis phenomenon, 
which is observed in experimental results dealing with the instability of rotor-bearing 
systems. The method is based on the Hopf bifurcation theory. It is shown that the 
existence of a hysteresis phenomenon is dependent upon the system’s operating 
parameters. To this end, the effect of oil viscosity on the hysteresis phenomenon and its 
implications on the rotor-bearing instability are investigated. The results of a series of 
experiments illustrating the effectiveness of the prediction of the hysteresis phenomenon 
using the Hopf bifurcation theory are also presented.  
 
4.1 Introduction 
 
     Since Newkirk & Taylor [3] published their classical work on oil whip in 1925, 
extensive research has been devoted to the study of rotor bearing instability. Nevertheless, 
many basic phenomena associated with bearing instability still remain poorly understood 
[4]. 
 
     One of the subjects that have not received adequate attention is an experimentally 
observed phenomenon known as “hysteresis” associated with oil whirl. In performing 
whirl instability experiments, the threshold of instability is normally detected by 
gradually increasing the operating speed (hereinafter, referred to as the run-up process) 
and monitoring the behavior of the system. After crossing the threshold of instability and 
upon gradually decreasing the speed (hereinafter, referred to as the run-down process), 
one often observes that whirl disappears at running speeds that are below the threshold 
speed detected during the run-up process. This phenomenon is repeatable and occurs 
even though all other system parameters including oil viscosity remain unchanged. In this 
chapter, the speed at which the whirl starts is called Runup Threshold Speed (RUTS); the 
speed at which the whirl disappears is called Rundown Threshold Speed (RDTS).  
 
     The experimentally observed hysteresis phenomenon was first described in a paper by 
Pinkus [10]. He stated that “when whipping was observed under conditions of decreasing 
speeds, it was noted that whip persisted down to speeds lower than those at which whip 
started when the speed was being increased.” Later, in 1959, Hori [5] confirmed the 
occurrence of this phenomenon. However, this subject did not recieve much attention 
until Hori [6] presented his findings in the IMechE 4th International Conference on 
Vibration in Rotating Machinery in 1988. Subsequently, Guo & Adams [4, 11, 12] 
provided simulations and experimental results to explain the nature of the hysteresis 
phenomenon. They pointed out that an “elusive unstable intermediate solution” exists in 
the hysteresis loop. But how to predict this elusive unstable intermediate solution was not 
an objective of their research. Later, Horattas and Adams [13, 14] reported the results of a 
series of experiments which established the existence of the hyteresis phenomenon and 
verified some of the results reported by Guo & Adams [4, 11, 12]. Their research also 
revealed the existence of the multiple hysteresis loops when the system running speed 
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approaches up to 7 times of the critical speed. Muszynska [15] gave a qualitative 
explanation of hysteresis phenomenon from the point of view of circumferential velocity 
ratios. According to Muszynska, during the runup process, the fluid circumferential 
average velocity ratio (especially that of the fluid damping force), which is driven by the 
rotor rotation, is lagging behind (i.e., smaller ) than that during the rundown process. Yet, 
quantitative explanation of the hysteresis phenomenon has remained unresolved due to 
the lack of an appropriate analytical approach.  
 
     This chapter offers an analytical approach for the prediction of the hysteresis 
phenomenon using the Hopf bifurcation theory (HBT).  
 
     The details of the application of HBT for the instability analysis of a rigid rotor 
symmetrically supported by two infinitely long journal bearings was presented by Myers 
[23] in 1984. Two important phenomena –subcritical bifurcation and supercritical 
bifurcation– were introduced into the instability of a rotor-bearing system. A similar 
analysis, but using the short bearing theory, was published by Hollis & Taylor [24]. 
Sundararajan & Noah [25, 26] analyzed a more general case of finite journal bearings 
using HBT and discussed the effects of different length/diameter ratios on the subcritical 
bifurcation and supercritical bifurcation regimes. Deepak and Noah [34] provided 
experimental evidence that verified the existence of the subcritical bifurcation of a single 
disk rotor supported on a short journal bearing.  
 
     It has been illustrated in [34] that if supercritical bifurcation occurs when the running 
speed of the rotor-bearing system is crossing the threshold speed, the journal will 
graduately lose its stability and the amplitude of the whirl will ramp up [34]. If subcritical 
bifurcation occurs when the running speed of the rotor-bearing system is crossing the 
threshold speed, the journal will suddenly lose stability and the amplitude of the whirl 
will jump up to a large orbit. Also as pointed out in [34], if a system is in the subcritical 
bifurcation region, a perturbation whose amplitude depends on the proximity of the 
running speed to the threshold speed can make a stable journal jump up into a large whirl 
orbit. 
 
     Clearly, the importance of the subject has warranted a great deal of research on the 
prediction of subcritical and supercritical bifurcation in an attempt to explain the jump-up 
and ramp-up phenomenon. However, the relation between hysteresis phenomenon and 
subcritical bifurcation profile has not been established. 
 
     In the present chapter, we provide additional insight into the hysteresis phenomenon 
from the point of view of the concept of unstable periodic solution [40], which exists 
under the case of subcritical bifurcation. Within the bearing clearance circle, this unstable 
periodic solution defines a closed boundary that encircles the steady state equilibrium 
position. If a journal is released from inside the unstable periodic solution, the orbit will 
settles into a stable point. If released from outside the unstable periodic solution, the orbit 
will grow larger and larger until the journal orbit extends to the clearance circle of the 
rotor-bearing system and failure is imminent.  
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     A clear picture of the nonlinear hysteresis phenomenon emerges by considering the 
concept of unstable periodic solution. A set of experimental results that confirm these 
predictions are presented in this chapter. Also, the influence of oil viscosity on the 
hysteresis phenomenon of a rotor-bearing system is discussed. For completeness, the 
basic governing equations in the stability analysis using HBT are briefly summarized in 
Section 4.5. Section 4.6 is devoted to results and discussion followed by concluding 
remarks. 
 
4.2 Illustration of Hysteresis Phenomenon 
 
     The characteristics of the hysteresis phenomenon associated with a perfectly balanced, 
lightly-loaded rotor-bearing system without misalignment is illustrated in Fig. 4.1. 
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     As the speed is increased from the stable state where the perturbation is nil, an 
occurrence of whirl would be first detected at RUTS (point A), where the vibration 
amplitude suddenly jumps to point B. However, upon decreasing the running speed from 
the unstable condition —where the perturbation is very large— to a lower speed (i.e. at 
RDTS, point C), the whirl will disappear and the vibration amplitude suddenly shrinks to 
point D. Between RUTS and RDTS, there is a curve called “subcritical bifurcation 
profile,” which will be defined and predicted in Section 4.6. The stability of the rotor-
bearing system for running speeds between RUTS and RDTS depends on how large the 
perturbation is. At a specific running speed, if the amplitude of the perturbation is located 
inside the subcritical bifurcation profile, the system will remain stable. If the amplitude of 
the perturbation is outside the subcritical bifurcation profile, the perturbation will trigger 
oil whip and the system will be unstable. Physically this is analogous to the case when 
the releasing point of the journal is outside the unstable periodic solution and the system 
exhibits orbitally unstable behavior. If the amplitude of the perturbation is inside the 
Fig. 4.1 Illustration of the hysteresis 
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subcritical bifurcation profile, which is analogous to releasing the journal inside the 
unstable periodic solution, the vibration caused by the perturbation will decay quickly 
and the system will remain stable. 
  
     The hysteresis phenomenon can occur only in the cases of subcritical bifurcation 
while it does not exist in the cases of supercritical bifurcation because only the subcritical 
bifurcation cases have unstable periodic solutions. The subcritical bifurcation profile 
determines the “profile” of the hysteresis loop as illustrated in Fig. 4.1.  
 
4.3 Experimental Apparatus and Procedures 
 
     The test rig used for this research was initially developed by Chauvin [45]. Figure 4.2 
shows a sketch of the test rig. It consists of a lightly-loaded rotor symmetrically 
supported by two identical plain journal bearings on either side.  
 
0.2000 m
Φ 0.0762 m
0.1270 m
Oil Inlet
Inboard Journal Bearing 0.5271 m Oil Inlet
Outboard 
Journal Bearing
Oil OutletBase PlateOil Outlet
Spring Coupling Shaft
Motor
Φ 0.0254 m
 
     The specifications of this rotor-bearing system are given in Table 4.1. This rig is 
equipped with a heating/cooling system (not shown) capable of supplying oil with 
controllable inlet oil temperature in the range of 0 °C ∼ 180 °C. 
 
Table 4.1 Specification of the rotor-bearing system 
 
Journal diameter (D) 0.0254 m 
Length of the bearing (L) 0.0127 m 
Span length (l) between these two bearings 0.5271 m  
Inside diameter of the hollow shaft 0.0152 m 
Mass of the rotor (2m) 5.4523 kg 
Nominal radial clearance (C) 50.8×10-6 m 
Lubricant ISO 32 
Inlet pressure ( inp ) 31 kPa 
Inlet temperature range (Tin) 20 °C ∼ 100 °C 
 
     The rotor is driven by a half-horsepower AC-DC Series motor with an electronic 
speed controller through a flexible spring coupling. Its speed range is 0-10,000 rpm.  
 
Fig. 4.2 Schematic figure of the test rig 
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     Vibration data (journal orbits) is recorded in real time by a pair of XY eddy current 
transducers located in the journal bearing shell. These signals are processed via a 
computerized data acquisition system. The data is analyzed using ADRE (Automated 
Diagnostics for Rotating Equipment) for Windows System—a commercially available 
software. The Bode plots presented in this chapter are generated using this software. 
 
     The experimental procedure is as follows. To reach the desired inlet oil temperature, 
oil is heated and circulated through the whole system with the speed at a low speed—
about 1800 rpm—until the inlet oil temperature and the bearing temperatures are 
stabilized. Then, the speed is increased up to 7000 rpm at an increment of about 200 rpm. 
When the speed of the system exceeds 7000 rpm, the speed increment is decreased to 
about 50 rpm. To determine the instability threshold speed accurately, the speed is 
ramped as slow as possible when approaching whirl. After crossing the threshold speed 
of whirl, the speed is increased further to a high enough value to get a sustaining whip, 
with its amplitude maintaining at about two times of the radial clearance C. Then, the 
speed is decreased as slow as possible until the whirl disappears and the system is 
allowed to coast down. In all the experiments, every time the speed is changed, the 
system is allowed to run long enough to reach a steady state. 
 
4.4 Experimental Results 
 
     Using the test rig described in Section 4.3, more than 60 sets of experiments were 
conducted to evaluate the hysteresis phenomenon as well as to investigate the influence 
of inlet oil viscosity (which corresponds to a specific inlet oil temperature) on the 
characteristics of hysteresis phenomenon. The operating damped critical speed [46] of the 
rotor-bearing system depends on the inlet oil temperature and changes from 5500 rpm to 
6640 rpm. The experimental results were repeatable. The results of two cases will be 
shown to illustrate the nature of the hysteresis phenomenon.  
 
Case I: Distinct Hysteresis Phenomenon at High Inlet Oil Viscosity 
 
     The experimental results of a case when the inlet oil viscosity is 0.016 Pa⋅s, which 
corresponds to the inlet oil temperature set at 53 °C, is examined. All other system 
parameters are as described in Table 4.1. In this case, the system was found to be stable 
when the running speed is below 7500 rpm. To illustrate the hysteresis phenomenon, we 
focus on the part of the vibration data when the running speed is higher than 7000 rpm by 
presenting the Bode plot of the total vibration shown in Fig. 4.3. Figure 4.4 is the 
waterfall plot for Fig. 4.3. Figure 4.4 shows the frequency and amplitude of the oil whirl 
as well as that of the synchronous vibration as the system running speed changes. 
 
     It is important to point out that the amplitudes of the vibration in the Bode plot are the 
peak-peak amplitude while all amplitudes in the simulation results are the zero-peak 
amplitude. The nominal radial clearance is: 0.0508C = mm. However, due to the 
manufacturing tolerances, the actual radial clearance is slightly greater than 0.0508 mm. 
Therefore, the diameter of the clearance circle, as shown in Fig. 4.3, is greater than 0.102 
mm. 
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     The Bode plot shown in Fig. 4.3 illustrates that upon slowly increasing the speed (i.e. 
runup process), whirl instability is detected at about 7980 rpm; upon slowly reducing the 
speed (i.e. rundown process) whirl disappears at about 7760 rpm. This plot reveals an 
experimentally obtained hysteresis-like behavior illustrating a clear difference between 
RUTS and RDTS. This behavior was repeatable and was observed in all tests performed 
under the same operating parameters. In fact, the differences between RDTS and RUTS  
will increase if the system running speed is changed rapidly. But, even if the running 
speed of the rotor is changed at a very small acceleration, a clear hysteresis phenomenon 
will still exist. In addition, an intermittent noise indicative of the rubbing between the 
journal and the bushing was noticeable when the subsynchronous vibration starts. This 
phenomenon shows the journal orbit is very close to the clearance circle when the 
subsynchronous vibration starts. 
 
     Another interesting observation is that, upon increasing the running speed and after 
crossing RUTS, the amplitude suddenly jumps up to the close vicinity of the clearance 
circle. Upon decreasing the running speed, the system crosses RDTS, and the amplitude 
suddenly resumes back to a small value, which can be attributed to the synchronous 
vibration caused by a small but unavoidable rotor unbalance. This sudden change of the 
amplitude at the instability threshold is one of the important features of the subcritical 
bifurcation [34].  
 
Case II: No Hysteresis Phenomenon at Low Inlet Oil Viscosity 
 
     Let us examine the results of an experiment when the inlet oil viscosity is 0.007 Pa⋅s, 
which corresponds to the inlet oil temperature at 80 °C. All other system parameters are 
same as those in Case I. In this case, the system is stable when the running speed is below 
7500 rpm. To illustrate the hysteresis phenomenon, we analyze the part of the vibration 
data when the running speed is higher than 7000 rpm by presenting the Bode plot of the 
total vibration shown in Fig. 4.5. Figure 4.6 is the waterfall plot for Fig. 4.5. Figure 4.6 
shows the frequency and amplitude of the oil whirl as well as that of the synchronous 
vibration as the system running speed changes. 
 
     The Bode plot in Fig. 4.5 reveals that there is no distinct difference between the runup 
process and the rundown process under this operating condition, implying that the 
hysteresis phenomenon does not exist in this case. Also, in this case, the amplitude 
gradually climbs up as the running speed is increased and the system crosses the 
instability threshold. Upon decreasing the running speed, the amplitude gradually 
decreases from near the clearance circle to a very small value. This gradual change of the 
amplitude at the instability threshold is one of the important features of the supercritical 
bifurcation [34].  
 
     Figures (4.3-4.6) also reveal that the amplitude of the synchronous vibration in Figs. 
(4.3 & 4.4) is less than that in Figs. 4.5 and 4.6 when the system’s running speed is less 
than RDTS. As pointed out in reference [47], the oil viscosity has a significant influence 
on the unbalance response of the rotor supported by two plain journal bearings. Generally, 
decreasing the oil viscosity (i.e. increasing the oil temperature) while maintaining all 
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other system parameters will increase the unbalance response of the rotor. Thus, the 
amplitude of the synchronous vibration (unbalance response) in Fig. 4.5 is higher than 
that in Fig. 4.3 since the oil viscosity in the experiment producing Fig. 4.5 is less than 
that of the experiment producing Fig. 4.3. 
4.5 Prediction of the Bifurcation Profile 
 
     To predict the subcritical bifurcation profile and to explain the experimental results in 
Section 4.4, the Hopf bifurcation theory (HBT) is applied to the equations of motion of a 
rotor-bearing system. The details of the analysis is as follows. 
4.5.1 Equations of Motion 
 
     The equations of motion of a rigid and perfectly balanced rotor (with mass 2m) 
symmetrically supported by two identical oil-film journal bearings under laminar flow 
condition are given as [8]: 
 
0cos2
2 =−−− φωφεε ε mC
Wf???                                                                                     (4.1) 
0sin2 2 =+−+ φεωεε
φεφ φ
mC
Wf????                                                                                   (4.2) 
where “.” represents ( )d dtω , and m, C, ω , W, ε  and φ  are the rotor mass per bearing, 
radial clearance, running speed, load per bearing, eccentricity ratio and attitude angle 
respectively. ε  and φ  are both function of time t. εf  and φf  are the radial and tangential 
fluid forces, which can be determined by integrating the fluid pressure distribution 
obtained from the solutions to the Reynolds equation with appropriate boundary 
conditions. Based on the application of the short bearing theory with Half-Sommerfeld 
boundary condition [19], these fluid force components are [8]: 
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The equations of motion (4.1-4.2) and Eqs. (4.3-4.4) for the fluid force components are 
only valid when 0 1ε< < . 
 
     To solve the equations of motion using HBT, the two second order equations are first 
decomposed into four first order equations. Using the substitutions of ε=1x , ε?=2x ,  
φ=3x , φ?=4x , ( )3 2.5 0.52RL mC gµΓ =  and C gω ω= , the equations of motion are 
decomposed as follows. 
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where Γ  is a dimensionless bearing’s characteristic constant if the oil viscosity µ  is 
constant.   
 
     The above system of equations (4.5)  is of the vector form 
( , )ω=x f x?                                                                                                                      (4.6) 
 
     The steady state equilibrium position sx  in terms  of ( 1s sx ε= , 2s sx ε= ? , 3s sx φ= , 
4s sx φ= ? ) can be found analytically as ( ,0, ,0)s s sε φ=x  from ( , ) 0s ω =f x . Eq. (2.27) 
shows the final expressions for the steady state equilibrium position sx .  
4.5.2 Application of Hopf Bifurcation Theory to the Equations of Motion 
 
     The equations of motion as given in (4.6) possess a steady state equilibrium position 
sx  (the stationary point) and satisfy the four hypotheses for the application of HBT (see 
Section 2.2). Here, the system’s running speed ω  represents the system parameter, ν , as 
appears in the general form of the system equations ( , )ν=x f x?  when the other 
parameters of the rotor-bearing system, including the oil viscosity, are all fixed. 
According to HBT, if the parameter ω  in the equations of motion (4.6) becomes greater 
than the critical value stω , an isolated stationary point ( )s ωx  will lose its linear stability 
because a complex conjugate pair of its eigenvalues crosses into the right half plane 
(positive real parts of eigenvalues) [24]. Hence, this critical value stω  is the well-known 
threshold speed of the instability of a rotor-bearing system. 
 
     To implement the Hopf bifurcation analysis, first, the right hand side of the 
decomposed nonlinear equations of motion (4.6) is expanded in a Taylor series about the 
static equilibrium position ( s=x x ) as follows. 
( ) ( ) ( ) ( ) ( ) ( ) ( )2 32 32 31 1, , , , , . . .2! 3!s s s s H O Tω ω ω ω ω
∂ ∂ ∂= + ∆ + ∆ + ∆ +∂ ∂ ∂
f f ff x f x x x x x x x
x x x
  (4.7) 
where ( ) ( ) ( )sω ω ω∆ = −x x x  and . . .H O T  represents the higher order terms in the 
Taylor expansion series. The zeroth order terms ( ),s ωf x  are used to determine the static 
equilibrium position. The first order terms ( ),s ω∂ ∂f xx  — usually referred to as the 
Jacobian matrix — are used to determine the dynamic performance through the analysis 
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of the eigenvalues. The second order terms ( )2 2 ,s ω∂ ∂f xx  and third order terms 
( )3 3 ,s ω∂ ∂f xx  are used to determine the stability of the periodic solutions. Specifically, 
the existence, the stability, the amplitude and the frequency of the periodic solutions are 
provided by these terms [24, 40]. 
 
     The approximate periodic solutions (system responses) of journal orbit can be 
expressed by the following Hopf bifurcation formulae when the parameter ω  (system’s 
running speed) is close to the critical value stω  (instability threshold speed of the rotor-
bearing system) [40]: 
( ) ( ) ( )12 2 1
2
( , ) Re
it
st T
s st stt e O
πω ωω ω ω ωγ
⎛ ⎞−= + + −⎜ ⎟⎝ ⎠
x x v                                           (4.8) 
( )22
0 2
2( ) 1 st stT O
ω ωπω τ ω ωω γ
⎡ ⎤⎛ ⎞−= + + −⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
                                                                (4.9) 
( )22
2
( ) stp stS O
ω ωω β ω ωγ
⎛ ⎞−= + −⎜ ⎟⎝ ⎠
                                                                            (4.10) 
 
These expressions are valid for 02 ≠γ . Here ( )ωT  is the period of the periodic solution 
of journal orbit at speed ω  and ( )pS ω  is the characteristic exponent that determines its 
orbital stability. Equations (4.8-4.10) involve six parameters ( stω , 2γ , 1v , ,0ω  2τ  and 2β ) 
for a specific rotor-bearing system with a given oil viscosity µ . The range of the 
existence of the periodic solutions of journal orbit is given by 2γ . If 02 <γ , periodic 
solutions exist for stωω <  and subcritical bifurcation exists; if 02 >γ , periodic solutions 
exist for stωω >  and supercritical bifurcation exists. 2τ  is the coefficient in the 
expansion of the periods of periodic solutions as the running speed ω  goes away from 
the critical value stω . 0ω  is defined as ( )stβ ω  (see Section 2.2). Parameter 1v  contains 
an eigenvector of the Jacobian matrix at the stationary point when stω ω= . 2β  is the 
leading coefficient in the expansion of a characteristic exponent. If ( ) 0pS ω < (i.e. 02 <β ), 
the periodic solution is said to be “orbital-asymptotically stable” with an asymptotic 
phase [40]. Any trajectory with initial value nearby the periodic solution tends to the 
periodic solution as time goes to infinity. If ( ) 0pS ω >  (i.e. 02 >β ), the periodic solution 
is orbital-asymptotically unstable. Any trajectory with initial value nearby the periodic 
solution tends to move away from the periodic solution as time goes to infinity. A Hopf 
bifurcation subroutine developed by Hassard et al. [40] was utilized as a part of the 
simulation package developed in this research to obtain these six parameters. 
 
     According to the implication of the definition of the unstable periodic solution [40], if 
the journal is released from a position inside the unstable periodic solution, the system 
tends to asymptotically approach the steady state equilibrium position; if the journal is 
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released from a position outside the unstable periodic solution, the orbit of the journal 
tends to asymptotically approach the clearance circle, i.e. becomes unstable. Thus, HBT 
provides a direct method to predict the unstable periodic solution.  
 
      Another important implication of the unstable periodic solution is that a sufficiently 
large perturbation located outside the unstable periodic solution may cause a stable 
system to enter into an unstable state. A sudden shock to a system running stably, as in 
the event of an earthquake, can promote oil whip in a rotor-bearing system [6].  
 
     Thus, the definition of the unstable periodic solution provides information about the 
circumstance when the whirl is going to start or to disappear. The subcritical bifurcation 
profile depicts how the amplitude of the unstable periodic solution changes with the 
system’s running speed, which is close to but less than the threshold speed. The 
hysteresis loop can be predicted based on Fig. 4.1 shown in Section 4.2. As the system’s 
running speed is increased from the stable state —where the perturbation is nil or has 
small amplitude such as synchronous vibration due to unbalance— an occurrence of 
whirl would be first detected at RUTS (point A), where the vibration amplitude suddenly 
jumps to point B since the amplitude of the perturbation is crossing and getting outside of 
the subcritical bifurcation profile. However, upon decreasing the running speed from the 
unstable condition —where the perturbation is very large— to a lower speed (i.e. at 
RDTS, point C), the whirl will disappear and the vibration amplitude suddenly shrinks to 
point D since the amplitude of the perturbation is crossing and getting inside of  the 
subcritical bifurcation profile. Thus, the subcritical bifurcation profile determines the 
hysteresis phenomenon. 
 
4.6 Results and Discussion 
 
     In this section, the HBT is applied to the rotor-bearing system described in Section 4.3. 
 
     Referring to Section 4.5.2, the system’s running speed ω  is considered to be the 
system parameter ν  when all parameters including oil viscosity are held at a fixed value. 
In every specific application, HBT is used to predict the hysteresis behavior at a given 
viscosity while maintaining all the other system parameters fixed. Table 4.2 shows the 
predicted results of the parameters stω , 2γ , 1v , ,0ω  2τ , 2β  and ( )s stωx  subject to a 
change of oil viscosity in the range of 0.03 to 0.003 Pa⋅s. 
 
     From these six parameters, the periodic solutions can be obtained using the 
approximate expressions described in Section 4.5.2. For example, if the oil viscosity is 
equal to 0.01 Pa⋅s, the dimensionless threshold speed stω  is: 6436.2=stω , where 
st st C gω ω= . Since 02 <γ  and 02 >β , unstable periodic solutions exist for 
2.6436stω ω≤ = . Figures 4.7(a-c) are plotted based on the six parameters corresponding 
to the case where the oil viscosity is equal to 0.01 Pa⋅s. The Hopf bifurcation formulae 
(4.8-4.10) described in Section 4.5.2 were used. 
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Table 4.2 Six parameters 
 
Oil viscosity (Pa⋅s)  
0.03 0.01 0.0075 0.0071 0.007 0.005 0.003 
stω  2.7449 2.6436 2.5971 2.5884 2.5862 2.5432 2.5475 
2γ  -20.7492 -1.7540 -0.2558 -0.0043 0.0600 1.6289 5.8289 
2τ  0.1380 0.3962 0.5309 0.5611 0.5692 0.8071 1.6289 
2β  2.3281 0.3088 0.0437 0.0007 -0.0101 -0.2469 -0.6715 
0ω  0.5024 0.5152 0.5203 0.5212 0.5214 0.5238 0.5124 
1v  1.0+0.0i 0.0+0.50i 
0.63-11.19i 
5.62+0.31i 
1.0+0.0i 
0.0+0.51i 
0.58-4.74i 
2.44+0.29i 
1.0+0.0i 
0.0+0. 52i 
0.53-4.18i 
2.17+0.28i 
1.0+0.0i 
0.0+0.52i 
0.52-4.10i 
2.14+0.27i 
1.0+0.0i 
0.0+0.52i 
0.52-4.09i 
2.13+0.27i 
1.0+0.0i 
0.0+0.52i 
0.43-3.85i 
2.01+0.22i 
1.0+0.0i 
0.0+0.51i 
0.17-3.98i 
2.04+0.09i 
( )s stωx  0.0914 0. 
1.4544 
0 
0.2502 
0 
1.2529 
0 
0.3118 
0 
1.1750 
0 
0.3241 
0 
1.1595 
0 
0.3273 
0 
1.1555 
0 
0.4033 
0 
1.0594 
0 
0.5100 
0 
0.9241 
0 
 
     Figure 4.7(a) shows the shapes of the periodic solutions of journal orbit corresponding 
to a series of specific running speeds close to but less than or equal to the critical speed 
6436.2=stω . Each cross-section of Fig. 4.7(a) at a given dimensionless running speed 
ω  represents the periodic solution of the journal orbit. Figure 4.7(a) reveals that the 
periodic solutions of journal orbit shrink to a single point as the running speed 
approaches the critical value, stω . Figure 4.7(b) shows the bifurcation profiles, which 
depict the amplitudes of the periodic solutions corresponding to a series of specific 
running speeds close to but less than or equal to the critical speed stω . The amplitude of 
the periodic solution corresponding to a specific running speed ω  is bounded by 
( ) 2s stε ω ω γ± − . Similar to Fig. 4.7(a), Figure 4.7(b) reveals that the amplitude of the 
periodic solution will shrink to 0 as the running speed approaches the critical value, stω . 
 
     Figure 4.7(c), as an example, shows the periodic solution when dimensionless running 
speed 63.2=ω . Similar results as Fig. 4.7(b) can be generated for other different oil 
viscosities using the Hopf bifurcation formulae (4.8-4.10) described in Section 4.5.2.  
 
     Examination of Fig. 4.8 and Table 4.2 reveals that the amplitude of the periodic 
solution is a function of the deviation of the parameter ω  from the critical value, stω , 
and the oil viscosity. For the oil viscosities µ >0.0071 Pa⋅s, since 2γ <0 and 2β >0, the 
unstable periodic solutions classified as the subcritical bifurcation exist for stωω < . For 
µ <0.007 Pa⋅s, since 2γ >0 and 2β <0, stable periodic solutions categorized as the 
supercritical bifurcation exist for stω ω> . The transition viscosity tranµ  from the 
subcritical bifurcation to the supercritical bifurcation is about 0.0071 Pa⋅s.  
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(a)
(b)
(c)
Fig. 4.7 Periodic solutions of the equations of motion when the oil viscosity is 0.01 
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Fig. 4.8 Bifurcation diagram for different 
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      The results presented in Fig. 4.8 have the following implications in terms of the oil 
viscosity and system’s operating speed. In subcritical bifurcation cases with the oil 
viscosity fixed at a specific value higher than tranµ , the amplitude of the unstable periodic 
solution will decrease as the running speed increases. In supercritical bifurcation cases 
with the oil viscosity fixed at a specific value lower than tranµ , the amplitude of the stable 
periodic solution will increase up to the clearance circle as the running speed increases.  
 
     After obtaining the bifurcation profile corresponding to a specific set of system 
parameters, the characteristics of hysteresis phenomenon can be easily predicted using 
the theory developed in Section 4.2. If the bifurcation type is subcritical, hysteresis 
phenomenon is detectable and the hysteresis loop is determined by the subcritical 
bifurcation profile. If the bifurcation type is supercritical, hysteresis phenomenon does 
not exist. 
 
     From the above analysis, it can be deduced that by controlling the inlet oil temperature 
and the oil grade, one can adjust the oil viscosity to control the bifurcation type of the 
instability of the rotor-bearing system. Depending on the value of the oil viscosity, some 
rotor bearing systems may possess a subcritical bifurcation whiles others may undergo 
supercritical bifurcation. 
 
     In light of the above discussion, the results of the two experimental cases described in 
Section 4.4 can now be interpreted. The only system’s operating parameter that changed 
in Case I and in Case II, was the inlet oil temperature. The different phenomena shown in 
Fig. 4.3 and Fig. 4.5 resulted from different oil viscosity. In the first case, since µ =0.016 
Pa⋅s, the system undergoes subcritical bifurcation and the hysteresis phenomenon is 
distinct. However, in the second case, when µ = 0.007 Pa⋅s, the system undergoes 
supercritical bifurcation and the hysteresis phenomenon does not exist. These results also 
attest to the importance of thermal effects in hydrodynamic bearings. It is important to 
point out that the oil viscosity referred to in the experimental results is at the inlet oil 
viscosity and the oil viscosity referred in all of the simulation results is the effective oil 
viscosity of the oil film. Accurate determination of the shape of the hysteresis profile 
necessitates a thorough thermohydrodynamic analysis (THD) of bearing to assess the 
temperature and viscosity field within the film [48, 49]. This is beyond the scope of the 
present chapter. 
 
     Table 4.2 also shows that the predicted threshold speed stω  is much higher than the 
experimental ones such as the RUTS (around 1.9 in dimensionless form) in Fig. 4.3. The 
major reason for that discrepancy is because the Hopf bifurcation analysis is based on the 
rigid-rotor model instead of a flexible-rotor model. Indeed, it is true that rotor flexibility 
has a significant effect on the predicted threshold speed. In general, flexibility tends to 
lower the predicted threshold speed significantly (see for example, [45, 50]). However, 
including the rotor flexibility effect in conjunction with the Hopf bifurcation is out of the 
scope of this chapter. More accurate prediction based on the flexible-rotor model is in 
fact the subject of our future research work. 
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     In this chapter, the relation between hysteresis phenomenon and subcritical bifurcation 
profile is qualitatively established based on the short bearing theory and a rigid-rotor 
model. Our experimental results are used to illustrate our findings. 
 
4.7 Summary 
 
     This chapter establishes the relation between hysteresis phenomenon and subcritical 
bifurcation profile. 
 
     Hysteresis phenomenon in the instability analysis of the rotor-bearing system can be 
explained using HBT. The following conclusions can be drawn from the analysis 
presented in this chapter. 
i) The existence of the hysteresis phenomenon is dependent upon the specific 
system parameters, i.e. those that determine whether the bifurcation is 
subcritical or supercritical.  
ii) The analysis shows that the effect of the oil viscosity on the hysteresis 
phenomenon is particularly significant. Subcritical bifurcation exists at high oil 
viscosity, higher than the transition oil viscosity tranµ , which is determined by 
the specifications of each rotor-bearing system. Under this condition, the 
hysteresis phenomenon is detectable. At low oil viscosity, lower than the 
transition oil viscosity tranµ , bifurcation becomes supercritical and the 
hysteresis phenomenon does not exist. This has important practical 
implications. 
 
     Experimental results presented in this chapter illustrate the effectiveness of the 
prediction of the hysteresis phenomenon corresponding to a specific set of system 
parameters. Using different set of system’s operating parameters, one can drive the 
system from subcritical bifurcation to supercritical bifurcation, and vice versa. 
 
     The hysteresis phenomenon can occur only in subcritical bifurcation cases. Therefore, 
hysteresis will not exist in systems whose specific operating parameters function in a 
manner that sustain supercritical bifurcation. By controlling the oil viscosity through the 
inlet oil temperature, it is possible to affect the subcritical bifurcation profile of the 
system and to control the hysteresis phenomenon. 
 
 
 61
5. Influence of Inlet Oil Temperature on the Instability Threshold Speed 
 
 
     The existing literature contains a number of disparities in assessing the effect of inlet 
oil temperature on the instability threshold speed in hydrodynamic journal bearings. 
Specifically, some papers have presented evidence that lowering the inlet oil temperature 
tends to have a stabilizing effect, while others have shown the opposite. No clear 
explanation has been offered for this phenomenon. This chapter presents the results of a 
series of experiments that explain the nature of these disparities and sheds light on the 
effect of the inlet oil temperature on the instability threshold in hydrodynamic journal 
bearings.  
 
5.1 Introduction  
 
     The oil whip phenomenon in journal bearings was first discovered by Newkirk & 
Taylor [3] in 1925. It manifests itself in the form of a subsynchronous vibration at a 
frequency approximately equal to the first undamped natural frequency of the rotor-
bearing system. 
 
     Since this discovery was reported, volumes of archival research activities were 
devoted to the understanding of the dynamic characteristics of journal bearings, both 
theoretically and experimentally. Advances have made toward understanding the nature 
of instability as well as to closing the gap between theory and experiment. Nevertheless, 
there still exist some disparities—even seemingly contradictory results—in the literature 
for which no clear explanation is available. 
 
     Maki & Ezzat [16] were probably the first to note the importance of the thermal 
effects on bearing instability and the associated disparities in the literature. They pointed 
out that the influence of inlet oil temperature on bearing instability as reported by 
Newkirk & Lewis [17] is opposite to that reported by Pinkus [10, 18]. Specifically, 
Newkirk & Lewis [17] concluded that the instability threshold speed increases as the inlet 
oil temperature is increased. On the other hand, Pinkus reported the results of several 
experiments where a journal bearing whipped at high inlet oil temperatures did not whip 
at all with cold inlet oil [10, 18]. He also pointed out [10]: “raising the oil temperature 
tends, in general, to lower the speed at which whip starts.”  Hence, Pinkus’ results 
implied that a lower inlet oil temperature tends to have a stabilizing effect on rotor-
bearing systems—a conclusion opposite to that of Newkirk & Lewis. No explanation has 
been offered for this peculiar phenomenon. 
 
     In this chapter we report the results of series of experimental investigations devoted to 
the understanding of the effect of inlet oil temperature on the instability threshold in plain 
journal bearings.  Results are presented that reveal how the inlet oil temperature affects 
the instability threshold speed. The phenomenon described here is particularly 
distinguishable in journal bearings with small aspect ratios, i.e. short bearings. We show 
that in a short journal bearing with 0.5L D = , as the inlet oil temperature increases the 
threshold speed will decrease first slowly, then reach a valley, and then increase at a steep 
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rate. This “dip” phenomenon is very distinct. We illustrate that this result also can be 
used to explain the peculiar inconsistencies described by Newkirk [51] that “In the field, 
some rotors exhibiting the disturbance can be quieted by warming up the oil supplied to 
the bearing and in other cases, cooling the oil supply is effective.” 
 
5.2 Modeling and Analysis 
 
     Before presenting the experimental results, it is appropriate to provide some 
background analysis. Figure 5.1 shows a planar model for a lightly and centrally loaded 
flexible rotor supported on two oil-film bearings [52, 53]. eqk is the bearing equivalent 
stiffness, eqd  is the bearing equivalent damping, and rk  is the effective half-rotor 
stiffness.  The mass of this rotor is represented by 2m. 
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Fig. 5.1 Model for the lightly and centrally loaded flexible rotor supported by two  
             oil-film  journal bearings 
Fig. 5.2 Simplified model for the rotor-bearing system 
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     Figure 5.2 is a simplified model for the rotor-bearing system. The undamped natural 
frequency of this system is:  
 
nd sk mω =                                                                                                                 (5.1) 
where sk  is the effective stiffness of this rotor-bearing system, )( eqreqrs kkkkk += . 
 
     If req kk >> , the undamped natural frequency of this system is approximately equal to 
nd rk mω = . This implies that the rotor-bearing system could be approximated as a 
rigidly supported flexible rotor system. If eqr kk >> , the undamped natural frequency of 
this system is approximately equal to nd eqk mω = , meaning that the rotor-bearing 
system can be regarded as a rigid rotor supported by fluid film bearings. 
 
     The simplified model of the rotor-bearing system in Fig. 5.2 is used in the following 
analysis. The parametric equation of the rotor-bearing system is: 
 
2
s sk mω=                                                                                                                        (5.2) 
where sω  is the threshold whirling frequency of the subsynchronous vibration [52, 53]. 
This implies that whirl starts with its whirling frequency sω  equal to the undamped 
natural frequency of the system ndω . Let stω  represent the threshold speed and Ω  
( s stω ωΩ = )  denote the threshold whirl ratio. Then 
 
1 1 1 1 1 1
1 1 1
s s r
st
r
r eq eq
k k
km m m
k k k
ωω
⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟= = = =Ω Ω Ω Ω⎜ ⎟ ⎜ ⎟+ +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
 
So 
1
1
n
st
r
eq
k
k
ωω
⎛ ⎞⎜ ⎟⎜ ⎟= Ω ⎜ ⎟+⎜ ⎟⎝ ⎠
                                                                                                      (5.3) 
where n rk mω =  is the first natural critical speed of a simply supported flexible rotor. 
 
     The relationship between the bearing equivalent stiffness eqk  and the four stiffness 
coefficients ( ), ,IJk I J x y=  and the four damping coefficients ( ), ,IJd I J x y= are 
available in the literature; see for example [53]. The stiffness coefficients and damping 
coefficients of an oil-film bearing can be obtained by solving the dynamic Reynolds 
equation under small perturbations at an equilibrium position with the oil temperature 
equal to the effective temperature of the oil film [54].  
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     Let us define the following dimensionless parameters: 
( )IJ IJK k W C=                                                                                                           (5.4) 
( )( )IJ IJD d W Cω=                                                                                                     (5.5) 
( )eq eqK k W C=                                                                                                           (5.6) 
( )r rK k W C=                                                                                                             (5.7) 
where C is the radial clearance and W is the load per bearing. 
 
     The relationship between the normalized bearing equivalent stiffness eqK and the 
normalized four stiffness coefficients ( ), ,IJK I J x y=  and the normalized four damping 
coefficients ( ), ,IJD I J x y=  is [52, 53]: 
( )
( )
xy yx yx xy yy xx xx yy
eq
xx yy
K D K D K D K D
K
D D
+ − −= +                                                                      (5.8) 
 
     It can be shown that the following important relationship between the whirl frequency 
ratio and the stiffness coefficients and damping coefficients exists [52, 53]. 
( )( )
( )
eq xx eq yy xy yx
xx yy xy yx
K K K K K K
D D D D
− − −Ω = −                                                                        (5.9)  
 
Thus Eq. (5.3) can be normalized using the definitions (5.4-5.7): 
1 1 1
1
eqst
rn eq r
eq
K
K K K
K
ω
ω
⎛ ⎞⎜ ⎟ ⎛ ⎞⎜ ⎟= = ⎜ ⎟⎜ ⎟Ω Ω +⎜ ⎟ ⎝ ⎠+⎜ ⎟⎝ ⎠
                                                                      (5.10) 
 
5.3 Theoretical Results 
  
     The specifications of the rotor-bearing system to be analyzed are given in Table 5.1 in 
Section 5.4. Figure 5.3 illustrates the relationship between the Sommerfeld number (S) 
and the dimensionless threshold speed stω  ( st st C gω ω= ) of this rotor-bearing system 
determined from the derivation of Section 5.2.  
 
     Figure 5.3 reveals that: as the Sommerfeld number (S) decreases continuously, the 
threshold speed will first slowly decrease, then reach a valley at some point with the 
Sommerfeld number S equal to about 0.8, followed by a steep increase. We shall refer to 
this trend as the “dip” phenomenon. Figure 5.3 indicates that if the initial operating point 
of the system is located on the left side of the dotted line shown in Fig. 5.3, the threshold 
speed will increase with decreasing the Sommerfeld number (S). However, if the initial 
operating point of the system is located on the right side of the dotted line, the threshold 
speed will increase with increasing the Sommerfeld number (S). 
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     The Sommerfeld number (S) of the rotor-bearing system can be controlled by 
changing the inlet oil temperature, while maintaining the other parameters. Therefore, Fig. 
5.3 becomes more revealing if we examine its behavior as a function of the inlet oil 
temperature. This is shown in Fig. 5.4. 
 
     Figure 5.4 reveals that the behavior of the system from the viewpoint of instability is 
substantially different on either side of the critical temperature corresponding to point A. 
For initial temperature iT  below 69AT C≈ ° , in the range of 20°C to 69 °C, increasing the 
inlet oil temperature results in a drop of the instability threshold speed; for initial 
temperature iT  higher than 69AT C≈ ° , increasing the temperature actually improves the 
instability threshold. For example, setting the initial temperature CTi °= 50 , the 
instability threshold speed is 7828 rpm. Increasing the inlet temperature to CTi °= 60 , the 
instability threshold speed will drop to 7556 rpm. However, if the initial temperature 
initially was CTi °= 70 , increasing to CTi °= 80  results in an improvement of the 
instability threshold speed by 248 rpm from 7329 rpm to 7577 rpm. 
 
     The above discussion reveals a theoretical basis for establishing that changing the inlet 
oil temperature can influence the stability of a rotor-bearing system. In what follows, we 
will present an experimental verification for this “dip” phenomenon. 
Fig. 5.3 Stability of the rotor-bearing system (L/D=0.5) 
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Fig. 5.4 Inlet oil temperature effects on the stability threshold speed 
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5.4 Experimental Apparatus and Procedures 
 
     The test rig used for this purpose was initially developed by Chauvin [45]. It consists 
of a lightly and centrally loaded rotor supported by two identical plain journal bearings 
on either side [29]. The specification of this rotor-bearing system is included in Table 5.1. 
This test rig is equipped with a heating/cooling system capable of supplying oil in the 
range of 0 °C ∼ 180 °C. 
 
     The rotor is driven by a half-horsepower AC-DC Series motor with an electronic 
speed controller through a flexible spring coupling. Its speed range is 0-10000 rpm.  
 
     Vibration data (journal orbits) is recorded in real time by a pair of XY eddy current 
transducers located in the fluid bearing shell. These signals are processed via a 
computerized data acquisition system. The Bode plots, the trend plots, and the waterfall 
plots presented in this chapter are generated by this computerized data acquisition system. 
       
Table 5.1: Specification of the rotor-bearing system 
 
Journal diameter (D) 0.0254 m 
Inside diameter of the hollow shaft 0.0152 m 
Length of the bearing (L) 0.0127 m 
Span length (l) between these two bearings 0.5271 m  
Mass of the rotor (2m) 5.4523 kg 
Radial clearance (C) 50.8×10-6 m 
Oil ISO 32 
Inlet pressure ( inp ) 31 kPa 
Inlet oil temperature range (Tin) 20 °C ∼ 100 °C 
 
     The experimental procedure is as follows. To reach a desired inlet oil temperature, oil 
is heated and circulated through the whole system at a low speed—about 1800 rpm—
until the inlet oil temperature and the bearing temperatures stabilize. Then, the speed is 
increased up to 7000 rpm at an increment of about 200 rpm. When the speed of the 
system exceeds 7000 rpm, the speed increment is decreased to about 50 rpm. Especially 
when approaching whirl, the speed is ramped as low as possible to determine the 
threshold speed more precisely. After crossing the threshold speed of whirl, the speed is 
increased further to a high enough value to get a sustaining whip, with its amplitude 
maintaining at about two times of the radial clearance C. Then, the speed is decreased as 
slow as possible until the whirl disappears and the system is allowed to coast down. In all 
the experiments, every time the speed is changed, the system is allowed to run long 
enough to reach a steady state. 
 
5.5 Experimental Results and Discussion 
 
     To verify the dip phenomenon described in Section 5.3, more than sixty sets of 
experiments were performed. 
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5.5.1 Runup Threshold Speed vs. Rundown Threshold Speed 
 
     Before presenting the verification of the dip phenomenon, it is important to first 
describe another phenomenon, which we refer to it as a hysteresis phenomenon observed 
experimentally [29]. Experiments reveal that the speed (hereinafter, referred to as 
Rundown Threshold Speed (RDTS)) at which the whirl disappears during the running 
speed decreasing process is lower than the speed (hereinafter, referred to as Runup 
Threshold Speed (RUTS)) at which the whirl starts during the running speed increasing 
process even though the other operating parameters including the inlet oil temperature are 
all the same [29]. A rotor-bearing system running at a speed below RDTS is stable. A 
rotor-bearing system running at a speed above RUTS is unstable. If a system is running at 
a speed between RDTS and RUTS, whether the operating point of the system at this 
speed is stable or not depends on whether its previous operating point is stable or not [29]. 
If the system reached the current operating point starting from an operating point with 
speed lower than RDTS, the current operating point is stable. However, if the system 
reached this operating point starting from an operating point with speed higher than 
RUTS, the current operating point is unstable [29].  
 
     A review of the literature about the hysteresis phenomenon has been given in 
reference [29]. Extensive research of the existence and profile of the hysteresis 
phenomenon has been presented in [29]. To be complete, one example will be illustrated 
next to show how the hysteresis phenomenon looks like. 
  
     An experiment was conducted according to the procedures described in Section 5.4 
with the inlet oil temperature maintained at 52.8 °C, which is in the subcritical 
bifurcation region and the hysteresis phenomenon exists [29]. In this case, the system is 
stable when the running speed is below 7000 rpm. To illustrate the hysteresis 
phenomenon, we analyze the part of the vibration data when the running speed is higher 
than 7000 rpm by presenting the Bode plot shown in Fig. 5.5.  
 
 
 
Fig. 5 Hysteresis phenomenon 
RDTS 
RUTS
Hysteresis 
Loop 
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     The Bode plot shown in Fig. 5.5 clearly illustrates that, upon slowly increasing the 
speed, whirl instability is detected at about 7980 rpm (RUTS); upon slowly reducing the 
speed, whirl disappears at about 7760 rpm (RDTS). This plot reveals a hysteresis-like 
behavior, which was found to be repeatable. 
 
5.5.2 Verification of the Dip Phenomenon 
 
     To establish a relationship between the threshold speed and inlet oil temperature, more 
than sixty sets of experiments were performed. The results are shown in Fig. 5.6. 
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     Figure 5.6 shows the threshold speed plotted vs. the inlet oil temperature. The solid 
line represents the theoretical results. The filled-triangle symbols represent the rundown 
threshold speed (RDTS), at which whirl disappears during the run-down process. The 
open-diamond symbols represent the runup threshold speed (RUTS) at which whirl first 
starts during the run-up period. Also important to note is the clear evidence for the dip 
phenomenon.  
 
5.5.3 Effect of Inlet Oil Temperature on the Instability of Rotor-Bearing System 
 
      Case No.1: let us examine a running speed ramped up to about 8050 rpm following 
the procedures described in Section 5.4. The inlet oil temperature was set to 44.4 °C, and 
Fig. 5.6 Experimental verification of the dip phenomenon 
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the experiment was run until the bearing reached a steady state. This operating condition 
referred to as point A in Fig. 5.7 was unstable since the operating point A is higher than 
the curve-fitting line for RUTS. Next, the inlet temperature was decreased to 28.9 °C at a 
decrement of 2 °C, ensuring that the system reached a steady state after each decrement 
of the inlet temperature. Figure 5.8 shows the amplitude change of the journal vibration 
as a function of time. Since the history of the time changing corresponds to the history of 
the inlet temperature changing, the x coordinate of Fig. 5.8 can also be regarded as the 
inlet oil temperature that changes from 44.4 °C (point A) to 28.9 °C (point B). Fig. 5.7 
shows the change of inlet temperature from 44.4 °C to 28.9 °C stabilizes the system since 
system’s operating line crossed the curve-fitting line for RDTS during the decreasing 
process of the inlet oil temperature. Figure 5.8 confirms this finding. This example 
demonstrates that depending on the initial operating point, it is possible to stabilize the 
system by decreasing the inlet oil temperature. The waterfall plot in Fig. 5.9 shows us the 
whole picture of the occurrence of whirl. 
 
     Figure 5.9 reveals that the whirl (the subsynchronous vibration) lasts until some point, 
after which the whirl disappears. The frequency of the whirl is almost half of the running 
frequency.   
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Fig. 5.7 Case No.1: Operating points change (from unstable to stable) as the 
             inlet temperature is decreased from 44.4 °C to 28.9 °C. 
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 Fig. 5.9 The waterfall plot of the vibration amplitude changes as inlet oil   
             temperature is decreased from 44.4 °C to 28.9 °C. 
A (unstable)
Whirl 
(Subsynchronous 
Vibration) 
Synchronous  
Vibration 
B (stable) 
Fig. 5.8 Variation of the vibration amplitude as the inlet oil temperature is decreased 
              from 44.4 °C to 28.9 °C.
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B (stable) 
A (unstable) 
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     Case No.2: the running speed was increased up to and set at about 8000 rpm and inlet 
oil temperature was set at 31.1 °C.  Again the system was allowed to reach a steady state. 
This operating condition was stable (point A in Fig. 5.10) since the operating point A is 
lower than the designated RDTS limit. Subsequently, the inlet oil temperature was 
increased to 57.2 °C at an increment of 4 °C. At each increment, the system must step 
into a steady state upon increasing the inlet temperature. Figure 5.11 shows the amplitude 
change of the journal vibration as a function of time. Since the history of the time 
changing corresponds to the history of the inlet temperature changing, the x coordinate of 
Figure 5.11 can also be regarded as the inlet oil temperature that changes from 31.1 °C to 
57.2 °C. Figure 5.10 reveals the corresponding operating point change (from stable to 
unstable) during increasing the inlet oil temperature from 31.1 °C to 57.2 °C. 
 
     As shown in Fig. 5.10 and Fig. 5.11, when the inlet temperature is at 31.1 °C (point A), 
the rotor-bearing system is stable. When the inlet temperature is increased to 57.2 °C 
(point B), the rotor-bearing system becomes unstable since system’s operating line 
crossed the curve-fitting line for RUTS during the increasing process of the inlet oil 
temperature. This illustrates a situation where increasing the inlet temperature 
deteriorates stability. 
 
     The previous examples dealt with the left branch of the dip in the stability curve. In 
what follows we describe a set of tests that traverses through the entire dip.  
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 Fig. 5.10 Case No.2: Operating points change (from stable to unstable) as  
the inlet temperature increases from 31.1 °C to 57.2 °C.
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     Case No.3: using the same procedure as outlined in Section 5.4, the running speed 
was increased up to and set at about 7800 rpm with the initial inlet oil temperature set at 
63.9 °C. This corresponds to the steady state operating point A in Fig. 5.12. Since the 
operating point A is located between RDTS and RUTS in Fig. 5.12, whether the rotor-
bearing system at this operating point A is stable or not depends on whether the previous 
operating point is stable or not [29]. Since the system reached this operating point A 
starting from an operating point below the curve-fitting line for the RDTS, this operating 
point A is still stable. Next, the inlet temperature was increased to 88.3 °C at an 
increment of 2 °C. After each increment, the system was allowed to reach a steady state. 
Figure 5.13 shows the amplitude change of the journal vibration as a function of time. 
Figure 5.12 provides a complete illustration of the corresponding operating point change 
(from stable to unstable then stable) during increasing the inlet oil temperature from 63.9 
°C to 88.3 °C. 
 
     Referring to Fig. 5.12 and Fig. 5.13, one can observe that at the inlet temperature of 
63.9 °C (point A), the rotor-bearing system is stable. When the inlet temperature is 
increased to about 73 °C (point B) while maintaining the system’s running speed, the 
rotor-bearing system starts to whirl since system’s operating line crossed the curve-fitting 
line for RUTS during the increasing process of the inlet oil temperature. When the inlet 
temperature is further increased to about 88 °C (point C), the rotor-bearing system again 
becomes stable since system’s operating line crossed the curve-fitting line for RDTS 
during the increasing process of the inlet oil temperature. This process also can be 
illustrated by the waterfall plot shown in Fig. 5.14. 
 
Fig. 5.11 Variation of the vibration amplitude as the inlet oil temperature is increased 
               from 31.1 °C to 57.2 °C. 
A (stable) 
Unstable B (unstable) 
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Fig. 5.12 Case No.3: Operating points change (from stable to unstable then stable)  
               as the inlet temperature is increased from 63.9 °C to 88.3 °C.  
Fig. 5.13 The trend plot of the vibration amplitude changes as inlet oil    
               temperature is increased from 63.9 °C to 88.3 °C.  
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Fig. 5.14 The waterfall plot of the vibration amplitude changes as inlet   
   oil temperature is increased from 63.9 °C to 88.3 °C. 
A (stable) 
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Synchronous  
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     Figure 5.14 reveals that the whirl starts at some point, and then lasts a period of time, 
after which the whirl disappears.  This example illustrates a situation where increasing 
the inlet temperature up to a point deteriorates stability, but further increase in the inlet 
temperature promotes stability. The entire “dip” phenomenon is illustrated. 
 
5.5.4 Qualitative Explanation of Newkirk’s Experimental Results using the Concept 
of Dip Phenomenon  
 
     Table 5.2 shows part of the experimental results given by Newkirk & Lewis [17] for 
different rotor-bearing systems with 0.5L D = . 
 
Table 5.2: Experimental results given for different rotor-bearing systems [17] 
 
System Oil Viscosity 
0.0069µ ×  Pa⋅s 
Threshold Speed 
stω  (rpm) 
Eccentricity 
Ratio ε  
Sommerfeld 
No. S 
3.45 3375 0.57 0.295 
2.12 3600 0.62 0.222    
1.42 4100 0.68 0.151 
Rotor No.1 
Supported by 
bearing 7-1-2 
(L/D=0.5) 0.85 5900 0.67 0.162 
5.24 4600 0.58 0.279 
3.58 5900 0.60 0.250 
2.99 7000 0.62 0.222 
Rotor No.1 
Supported by 
bearing 9-1-4 
(L/D=0.5) 2.28 7900 0.64 0.197 
2.76 2600 0.80 0.055 
1.72 3250 0.82 0.044 
1.06 3500 0.85 0.030 
Rotor No.3 
Supported by 
bearing 7-1-2 
(L/D=0.5) 0.72 4200 0.89 0.016 
7.30 2250 0.82 0.044 
2.80 2550 0.90 0.013 
1.68 2700 0.93 0.006 
Rotor No.3 
Supported by 
bearing 9-1-4 
(L/D=0.5) 0.92 3175 0.95 0.003 
 
     Sommerfeld number (S) given in the last column of Table 5.2 are obtained based on 
the experimentally obtained eccentricity ratios ε . In Table 5.2, all the Sommerfeld 
numbers are less than 0.3. Figure 5.3 shows that if the initial operating point of the 
system is located on the left side of the “dip”, the threshold speed will decrease as the 
Sommerfeld number is increased. Since all the operating points of the rotor-bearing 
systems described in Table 5.2 are located on the left side of the “dip” in Fig. 5.3, whirls 
build up “on cold oil at lower speed than they do on hot oil” [17]. Here, colder oil results 
in higher oil viscosity and higher Sommerfeld number S.  
5.6 Summary 
 
     The following conclusions can be drawn from the experimental results presented in 
this chapter. 
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• Changing the inlet oil temperature can either improve or deteriorate the 
instability threshold speed of a rotor-bearing system depending on the 
operating point.  
 
• As the inlet oil temperature is increased, the threshold speed will decrease 
first slowly, reaches a valley at some point, and increases thereafter. 
Therefore, if the initial operating point of the system is located on the right 
side of the valley shown in Fig. 5.4, the threshold speed will increase as the 
inlet oil temperature is increased, hence promoting stability. On the other 
hand, if the initial system parameters of the rotor-bearing system are located 
on the left side of the valley shown in Fig. 5.4, the threshold speed will 
increase as the inlet oil temperature is reduced. 
 
     The results presented show that the stability of a rotor-bearing system is a strong 
function of the inlet oil temperature and that is possible to move the operating point of a 
rotor-bearing system to a stable region sometimes by heating and sometimes by cooling 
the inlet oil temperature depending on the initial operating point. This also explains the 
apparent disparities and the seemingly contradictory statements presented in classical 
published papers. 
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6. Influence of Drag Force on the Dynamic Performance 
 
 
     In this chapter, using Hopf Bifurcation Theory, the drag force effects on the dynamic 
performance of a rotor-bearing system is analyzed through including the drag force 
components in the equations of motion. Drag force has significant effects on the 
threshold speed, bifurcation profile and periodic solutions of a rigid rotor symmetrically 
supported by two identical short journal bearings.  
6.1 Introduction 
 
     In oil-film journal bearings, the fluid forces exerted on the journal consist of both the 
pressure force and the drag force. The drag force has been neglected in most of the 
existing literature that deal with rotor-bearing instability analysis, for it is argued that the 
drag force is of the order of the clearance over radius (C/R) ratio times the pressure force. 
Nevertheless, tabulated numerical solutions of performance parameters based on the 
finite bearing theory reveal that at small eccentricity ratios (ε ≈ 0.1) with L/D ≤  0.5, the 
drag force in journal bearings is appreciably large in comparison with the pressure force 
[19].  
 
     In 1965, Mitchell et al. [20] performed an instability analysis including the drag force 
effects in a journal bearing with a full 360˚ oil film. They derived expressions for the 
drag forces components in radial and tangential directions and presented the modified 
equations of motion in infinitely short and infinitely long bearings. Akers et al. [21] 
included the drag force components in the equations of motion for finite journal bearings. 
They concluded: “In all cases considered the inclusion of friction in the analysis makes 
the bearing more stable.” Nevertheless, another conclusion asserting that the drag force 
does not make an unstable bearing completely stable in their paper requires further 
research. 
 
     The objective of the present chapter is to explain how the drag force affects the 
stability of a rotor-bearing system. For this purpose, the Hopf Bifurcation Theory (HBT) 
is utilized to examine the dynamic behavior of the system by directly analyzing the 
equations of motion. The details of the application of HBT for the stability analysis of a 
rigid rotor symmetrically supported by two long journal bearings was presented by Myers 
[23] in 1984. A similar analysis, but using the short bearing theory, was published by 
Hollis & Taylor [24].  
6.2 Dynamic Fluid Forces in Journal Bearings 
 
     Figure 6.1 illustrates the radial and tangential components of the fluid forces exerted 
on the journal. Assuming constant oil viscosity throughout the oil film and integrating the 
fluid pressure distribution obtained from the solution to Reynolds equation based on short 
bearing theory [19] with Gümbel boundary conditions (or Half-Sommerfeld boundary 
conditions) [55], the dimensionless form of the pressure force components are [8]: 
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 Fig. 6.1 Radial and tangential components of the fluid forces exerted on the journal. 
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where “.” represents ( )d dtω , ( )3 2.5 0.52RL mC gµΓ =  and C gω ω= . 
 
     The viscous shear stress at the journal surface for short bearing is given by [56] 
s
R
h
µωτ =                                                                                                                      (6.2) 
where ( )θε cos1+= Ch .  
 
     Assuming the circumferential flow rate remains constant in the cavitation region 
( 2π θ π≤ < under Gümbel boundary conditions), the flow through each cross section of 
the gap in the cavitation region is equal to the flow calculated at the outlet (θ π=  and 
minh h=  under Gümbel boundary conditions) of the full film region [57]. Under this 
assumption, an effective width of oil film in the cavitation region is defined as:   
( )min 1
1 coseff
LLhL
h
ε
ε θ
−= = +                                                                                                 (6.3) 
 
     Integrating the shear stress around the journal surface, let ( )2F F mCε ε ω= , 
( )2F F mCφ φ ω=  ( )3 2.5 0.52RL mC gµΓ =  and C gω ω= , then the dimensionless form 
of the drag force components in the radial and tangential directions are: 
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6.3 Equations of Motion 
 
     The dimensionless equations of motion for a rotor-bearing system consisting of a rigid 
and perfectly balanced rotor (with mass 2m) symmetrically supported by two identical 
oil-film bearings are [20]: 
2
2
2
1 cos 0
2 1 sin 0
f F
f F
ε ε
φ φ
ε εφ φω
εφφ φε ε ε ω ε
− − − − =
+ − − + =
???
????
                                                                                 (6.5)                     
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where “.” represents ( )d dtω . εf  and φf  are the dimensionless radial and tangential 
pressure force components as given in equations (6.1); Fε  and Fφ  are the dimensionless 
radial and tangential drag force components as given in equations (6.4). 
 
     To solve Eq. (6.5), these two 2nd order nonlinear equations of motion are decomposed 
into four 1st order equations. Let ε=1x , ε?=2x ,  φ=3x , φ?=4x ,  then the equations of 
motion become 
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     The above system of equations (6.6)  is of the form 
( , )ω=x f x?                                                                                                                      (6.7) 
 
which is necessary for the application of HBT. The static equlibrium position sx  in terms 
of ( 1s sx ε= , 2s sx ε= ? , 3s sx φ= , 4s sx φ= ? ) can be found analytically from ( , ) 0s ω =f x . The 
subscript s denotes the static equlibrium position. The static equlibrium position can be 
rewriten as ( ,0, ,0)s s sε φ=x . 
6.4 Application of Hopf Bifurcation Theory on the Equations of Motion 
6.4.1 Hopf Bifurcation Theory 
 
     The Hopf Bifurcation Theory (HBT) is concerned with the bifurcation of the periodic 
orbits from the equilibrium points of a system, whose behavior is described by the 
ordinary differential equations of the form ( , )ν=x f x?  as the system parameter ν  crosses a 
critical value cν . A Hopf bifurcation occurs when, as the system parameter ν  varies, a 
single complex conjugate pair of eigenvalues of the linearized system equations become 
purely imaginery (in the process of crossing the imaginery axis) [24].  
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     To apply HBT, the system equations must satisfy four hypotheses [40]. Under these 
four hypotheses, the system has a family of periodic solutions at the onset of bifurcation 
and the Hopf bifurcation theorem provides appropriate criteria for the prediction of the 
existence, shape and period of the periodic solution [40]. In general (excluding the 
special case where bifurcation occurs only for cνν ≡ ), periodic solutions exist in exactly 
one of the cases: either cνν >  or cνν <  [23]. The periodic solutions in the case of 
cνν > , is called a supercritical bifurcation and cν  is called the supercritical bifurcation 
speed. If the periodic solutions exist only in the case of cνν < , then the system is said to 
undergo a so-called subcritical bifurcation and cν  is referred to as the subcritical 
bifurcation speed. 
 
6.4.2 Application to the Equations of Motion 
 
     The equations of motion as given in (6.7) have the suitable form of ( , )ω=x f x?  and 
possess a static equlibrium position sx  for the application of Hopf Bifurcation Theory. 
Here, the system’s running speed ω  is considered as the system parameter ν  when all 
other parameters of the rotor-bearing system are fixed. According to HBT, if the 
parameter ω  in the equations of motion (6.7) becomes greater than some critical 
value stω , an isolated stationary point ( )s ωx  will lose its linear stability by having a 
complex conjugate pair of eigenvalues crossing into the right half plane (positive real 
parts of eigenvalues). Hence, this critical value stω  is the well-known threshold speed of 
the instability of a rotor-bearing system. 
 
6.4.3 Shape and Size and Stability of the Periodic Solutions of Journal Orbit 
 
     A Hopf bifurcation subroutine developed by Hassard et al. [40] was utilized as a part 
of the simulation package developed in this research. The approximate periodic solutions 
(system’s response) can be expressed using the following Hopf bifurcation formulae [40].  
( ) ( ) ( )12 2 1
2
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s st stt e O
πω ωω ω ω ωγ
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x x v                                           (6.8) 
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0 2
2( ) 1 st stT O
ω ωπω τ ω ωω γ
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                                                               (6.9) 
( )22
2
( ) stp stS O
ω ωω β ω ωγ
⎛ ⎞−= + −⎜ ⎟⎝ ⎠
                                                                           (6.10) 
 
     These expressions are valid for 02 ≠γ . Here ( )ωT  is the period of the periodic 
solution of journal orbit at system’s running speed ω  and ( )pS ω  is the characteristic 
exponent that determines its orbital stability. Equations (6.8-6.10) involve six bifurcation 
parameters ( stω , 2γ , 1v , ,0ω  2τ  and 2β ) for a specific rotor-bearing system with a given 
oil viscosity µ . 2γ  gives the range of the existence of the periodic solutions of journal 
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orbit. If 02 <γ , periodic solutions exist for stωω < ; if 02 >γ , periodic solutions exist 
for stωω > . 2τ  is the coefficient in the expansion of the periods of periodic solutions for 
the running speeds ω  away from the critical value stω . 2β  is the leading coefficient in 
the expansion of a characteristic exponent. If ( ) 0pS ω < (i.e. 02 <β ), the periodic 
solution is said to be “orbital-asymptotically stable with an asymptotic phase” [40]. If 
( ) 0pS ω >  (i.e. 02 >β ), the periodic solution is orbital-asymptotically unstable. 0ω  is 
defined as ( )stβ ω  [40]. Parameter 1v  contains an eigenvector of the Jacobian matrix at 
the stationary point when stω ω= .  
6.5 Results and Discussion 
 
     Consider the rotor-bearing system, whose specifications are listed in Table 6.1. This 
rotor-bearing system consists of a rigid rotor symmetrically supported by two identical 
plain journal bearings.  
 
Table 6.1: Specifications of the rotor-bearing system 
 
Journal diameter (D) 0.0254 m 
Length of the bearing (L) 0.0127 m 
Radial clearance (C) 50.8×10-6 m
Mass of the rotor (2m) 5.4523 kg 
Oil viscosity ( µ ) 0.01Pa⋅s 
 
     Based on the development presented in Section 6.4, the Hopf bifurcation parameters 
shown in Table 6.2 are obtained.  
 
Table 6.2 Hopf Bifurcation Parameters 
 
 stω  2γ  2τ  2β  0ω  1v  ( )s stωx
Results excluding 
the drag force 
components 
2.643 -1.754 0.396 0.308 0.515 1.000+0.000i 
0.000+0.515i 
0.580-4.745i 
2.444+0.298i 
0.250 
0 
1.252 
0 
Results including 
the drag force 
components 
2.689 -1.677 0.402 0.287 0.511 1.000+0.000i 
0.000+0.511i 
0.575-4.776i 
2.443+0.294i 
0.247 
0 
1.247 
0 
 
     Table 6.2 shows the differences between the results of the Hopf bifurcation parameters 
of the equations of motion with and without the drag force components. It is shown that 
the dimensionless threshold speed stω  is increased from 2.643 to 2.689 if the drag force 
components are included in the equations of motion while the static eccentricity ratio is 
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only decreased slightly from 0.250 to 0.247. If the threshold speeds are converted to 
dimensional form, the threshold speed with consideration of the drag force will be 11288 
rpm and the threshold speed neglecting the drag force will be 11094 rpm.  
 
     Since 02 <γ  and 02 >β  for both of these two cases, unstable periodic solutions exist 
for the system running speeds which are close to but less than the threshold speed stω . 
Using the calculated Hopf bifurcation parameters in Table 6.2, and the Hopf bifurcation 
formulae (6.8-6.10) described in Section 6.4.3, Fig. 6.2 is plotted to compare the 
bifurcation profile with and without the consideration of the drag force components.  
2.40 2.45 2.50 2.55 2.60 2.65 2.70
-0.1
0.0
0.1
0.2
0.3
0.4
0.5
0.6
A
m
pl
itu
de
 o
f t
he
 p
er
io
di
c 
so
lu
tio
ns
 o
f j
ou
rn
al
 o
rb
it
ϖ
ε s
st
sε
Dimensionless running speed, 
ϖϖst
Bifurcation profile including
drag force effect
Bifurcation profile excluding
drag force effect
 
     Fig. 6.2 shows the bifurcation profiles, which depict the amplitudes of the periodic 
solutions corresponding to a series of specific running speeds close to but below the 
critical value stω . The amplitude of the periodic solution corresponding to a specific 
running speed ω  is bounded by ( ) 2s stε ω ω γ± − . The amplitude of the periodic 
solution will shrink to one point ( )s stε ω as the running speed approaches the critical 
value, stω . The threshold speed ( 2.643stω = ) excluding the drag force components in the 
equations of motion is significantly lower than that ( 2.689stω = ) including the drag force 
components.  The difference between these two bifurcation profiles grows as the running 
speed ω  approaches the critical value stω . 
 
Fig. 6.2 Bifurcation profiles 
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     The drag force effects on the stability of a rotor-bearing system presented here is 
consistent with the qualitative explanation of “Origin and Development of the Whirl” in 
Newkirk & Grobel’s classical paper that states:  “A force component with a direction 
opposite to the direction of motion tends to stabilize the system” [58]. Equation (6.5) 
shows that the tangential component of the drag force is always in the direction opposite 
to the direction of motion. Thus, including the drag force effects makes the system more 
stable. 
 
6.6 Summary 
 
     Using the Hopf Bifurcation Theory, the influence of drag force on the dynamic 
performance of a rotor-bearing system is evaluated. The effect of drag force on the 
dynamic performance of a rotor-bearing system can be appreciable, especially when the 
system’s running speed is close to the threshold speed. The inclusion of the drag force in 
the equations of motion raises the threshold speed to a higher limit.  
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7 Rotor Stiffness Effects on the Dynamic Performance 
 
 
     The effects of rotor stiffness on the bifurcation regions of a flexible rotor supported by 
two identical fluid film journal bearings are presented. It is shown that the rotor stiffness 
has a pronounced influence on the instability threshold speed as well as the subcritical or 
supercritical bifurcation characteristics. For short bearings, two bifurcation regions exist 
if the dimensionless rotor stiffness 4.3K ≥ . On the other hand, three bifurcation regions 
exist if the dimensionless rotor stiffness 4.3K < . Information is presented that allows 
one to easily predict both the instability threshold speed and its bifurcation type of a 
rotor-bearing system with any specific set of operating parameters. The results presented 
have been verified by laboratory experiments as well as several published results in the 
open literature. Several examples are presented to illustrate the application of the results 
for design purposes.  
 
7.1 Introduction 
 
     In many of the published works, the predictions of the instability threshold speed and 
dynamic response of a rotor supported by fluid film journal bearings are based on the 
linearized stiffness and damping coefficients. Nevertheless, the fluid forces generated in 
fluid film journal bearings are highly nonlinear so that bifurcation exists around the 
instability threshold speed. As system’s running speed surpasses the instability threshold 
speed, the resulting whirling motion of the journal center “either gradually or suddenly 
becomes unbounded” [26]. The former case is termed supercritical bifurcation while the 
latter is called subcritical bifurcation. In the case of subcritical bifurcation, even for 
speeds well below the instability threshold speed, a small perturbation of the equilibrium 
position “may  render it unstable, resulting in a large limit cycle”[26].  
 
     In practice, unexpected perturbations from an external source such as an earthquake or 
disturbances emenating from other sources within the system do occur and must be taken 
into consideration at the design stage. These perturbations are significantly more 
dangerous if the rotor-bearing system operates in subcritical bifurcation than in 
supercritical bifurcation. Hence, Ref. [26] concludes that “It is very important to design 
bearings in such a way that if they go through a bifurcation it should be supercritical.” 
Any rotating machinery designed without adequate consideration of this knowledge could 
catastrophically fail in the event of an unexpected disturbance. 
 
     Although the linearized theory can be used to predict instability threshold speed, due 
to its congenital defect, it cannot provide the necessary information of whether the 
bifurcation exists around the instability threshold speed and whether it is subcritical or 
supercritical [26]. To predict the existence and type of the bifurcation, a nonlinear 
analysis of the dynamic response of the rotor-bearing system is needed. In a nonlinear 
analysis, once the equations of motion including the nonlinear fluid film force in journal 
bearings are derived, they can be used to predict the existence and type of the bifurcation 
as well as the instability threshold speed with an application of the Hopf bifurcation 
theory (HBT) [40]. 
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     The details of the application of HBT to the instability analysis of a rigid rotor 
symmetrically supported by two infinitely long journal bearings was presented by Myers 
[23] in 1984. He identified the existence of three separate regions as the steady state 
eccentricity ratio changes. These three regions as the steady state eccentricity ratio 
increases from low to high values are: subcritical bifurcation, supercritical bifurcation, 
and again subcritical bifurcation. A similar analysis, but using the short bearing theory, 
was published by Hollis & Taylor [24]. They reported that, in short journal bearings, the 
subcritical bifurcation exists if the modified Sommereld number is greater than a critical 
value. Otherwise, supercritical bifurcation exists. Based on the impedance descriptions of 
finite-length bearings with an assumed π -film pressure distribution [59], Noah & 
Sundararajan [25, 26] analyzed a more general case of finite journal bearings using HBT 
and discussed the effects of different length/diameter ratios on the bifurcation regions. 
They pointed out that two regions exist for a rotor-bearing system with 0.5L D =  and 
three regions exist for a rotor-bearing system with 0.75L D ≥ . Deepak and Noah [34] 
provided experimental evidence that verified the existence of the subcritical bifurcation 
of a single disk rotor supported on a short journal bearing. Wang and Khonsari [27, 30] 
provided additional insight into the application of HBT. They extended the application of 
HBT into the turbulent regime and analyzed the influence of the drag force on the 
bifurcation profile by incorporating the appropriate terms into the equations of motion. 
Wang and Khonsari [28, 29] also showed that HBT can be used to predict and explained 
two important phenomena in hydrodynamic journal bearings: hysteresis phenomenon and 
stability envelope. In Ref. [29], experimental evidence is presented that attests to the 
existence of the subcritical bifurcation and supercritical bifurcation, and the hysteresis 
phenomenon associated with subcritical bifurcation is revealed through the concept of 
stability envelope. 
 
     Hysteresis phenomenon manifests itself in experiments dealing with the detection of 
the instability threshold speed. Specifically, experiments show that the instability 
threshold speed at which whirl disappears when reducing the running speed is lower than 
the instability threshold speed when increasing system’s running speed [29]. The 
instability threshold speed with increasing system’s running speed is named as Runup 
Threshold Speed (RUTS); the instability threshold speed with decreasing system’s 
running speed is named as Rundown Threshold Speed (RDTS) [29]. The existence of 
hysteresis phenomenon is dependent upon the specific system parameters, i.e. those that 
determine whether the bifurcation is subcritical or supercritical. Hysteresis phenomenon 
can occur only in subcritical bifurcation cases [29]. In other words, hysteresis 
phenomenon will not exist in systems whose specific operating parameters function in a 
manner that sustain supercritical bifurcation [29]. 
 
     According to Ref. [28], there exists a distinct region of stability within a closed 
boundary (called stability envelope Rs) that encircles the steady state equilibrium 
position. If the journal is released from inside the Rs, the orbit will settle into a steady 
state equilibrium position. If released from outside the Rs, the journal’s orbit becomes 
unstable as it grows larger and larger until it extends to the clearance circle of the rotor-
bearing system, endangering the system’s operation. This could occur even when the 
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system’s running speed is far less than the instability threshold speed. The shape and size 
of the stability envelope can be predicted using HBT [28].  
 
     Although many important characteristics of the bifurcation of rotor-bearing systems 
have been revealed in literature, Noah [26] concludes: “General results for rotor support 
systems to date are at most sketchy and far from being of practical use”. This calls for 
further research that concentrates on determining relevant characteristics of nonlinear 
rotor-bearing systems to gain significant insight into their behavior.  
 
     All of the existing applications of HBT on the bifurcation prediction of a rotor-bearing 
system are based on the assertion that the rotor is rigid. Effects of the rotor stiffness on 
the existence and type of bifurcation have not been considered in the open literature.  
 
     In the present chapter, additional insight into the nonlinear instability analysis of a 
rotor-bearing system is provided. The dimensionless instability threshold speed and its 
bifurcation type of a flexible rotor supported by two fluid-film journal bearings 
corresponding to different dimensionless rotor stiffness K  are predicted by applying 
HBT. The analysis reveals that the rotor stiffness significantly influences the instability 
threshold speed as well as the bifurcation type. The predictions of an anlysis that neglects 
the rotor stiffness effects could be far from reality. A useful nondimensional chart is 
presented in this chapter to predict the instability threshold speed as well as the existence 
and type of the bifurcation as long as the dimensionless bearing’s characteristic constant 
Γ  and the dimensionless effective rotor stiffness K  are given. The results predicted 
based on the flexible rotor model with the rotor stiffness K  approching infinity are 
verified by comparing the predictions with the results obtained based on the rigid rotor 
model. These two sets of results match very well. The results predicted based on the 
flexible rotor model have been verified by laboratory experiments as well as by 
comparison with published experimental or simulation results in open literature. The 
effect of rotor stiffness K  on the instability threshold speed is consistent with the results 
presented in Ref. [22] based on the linear theory. 
 
7.2 Equations of Motion 
 
     Figure 7.1 shows a centrally-loaded rotor-bearing system with exaggerated deflections 
and the system coordinates used in this chapter.  
 
     In Fig. 7.1, Ob is the center of the journal bearing; Ojs is the static equilibium position 
of the journal center; Ojd is the dynamic position of the journal center; Om is the center of 
the central disk; W  is the load per bearing; ε  and φ  are the dynamic eccentricity ratio 
and the dynamic attitude angle of the journal center, respectively; C is the radial 
clearance; the coordinates (x, y) are used to denote the dynamic position of  the central 
disk center; εf  and φf  are the radial and tangential components of the fluid force in the 
journal bearing; and rf  represents the force applied on the journal by the shaft and the 
force applied on the central disk by the shaft. 
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     Referring to Fig. 7.1, to analyze a flexible and center-loaded and perfectly balanced 
rotor symmetrically supported by two identical fluid-film journal bearings, the following 
assumptions are made: 
(a) Deflections of the shaft are sufficiently small to permit the use of classical linear 
beam theory; 
(b) the rotor mass is lumped at the mid-point (with massless shaft, central load of 
2mg, effective rotor stiffness of 2k); 
(c) axial and torsional vibrations of the lumped mass are negligible; 
(d) gyroscopic motions of the journal and the central disk are negligible. 
 
     In assumption (b), 2k is the effective rotor stiffness which can be approximated as 
( )2 2 midk mg δ= , where midδ  is the static central deflection of the flexible rotor. 
Alternatively, if the natural frequency nω  of a simply supported, centrally-loaded rotor is 
known, then 2k can be approximated as 22 2 nk mω= . 
 
     Based on these assumptions and according to Newton’s second law, the equations of 
motion for the massless journal center are derived as follows.  
( )sin cos sin 0f f k x Cε φφ φ ε φ+ + − =                                                                          (7.1) 
( )sin cos s 0f f k y C coφ εφ φ ε φ− + + =                                                                         (7.2) 
 
Solving Eqs. (7.1 & 7.2) for fε  and fφ  yields: 
( )sin cosf k x y Cε φ φ ε= − + +                                                                                      (7.3) 
x
z 
y 
φ  
Ob 
Central disk 
k  k  
2m  
Bearing Bearing 
Fig. 7.1 Rotor-bearing system with exaggerated deflections and system coordinates used. 
(b) Rotor-bearing system with exaggerated deflections (a) System coordinates viewed 
from left side. 
Central disk center 
Dynamic position of 
journal center 
Static position of 
journal center 
Bearing center 
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( )cos sinf k x yφ φ φ= − +                                                                                               (7.4) 
 
According to Newton’s second law, the equations of motion for the central disk are: 
( )sin 0mx k x Cε φ+ − =??                                                                                                 (7.5)   
( )s 0my k y C co mgε φ+ + + =??                                                                                       (7.6) 
 
     In the equations of motion (7.3-7.6), “.” represents d/dt, and m, g are the mass per 
bearing and gravity constant, respectively. The parameter k is the effective stiffness of the 
half-rotor which can be approximated as ( ) midk mg δ=  or 2nk mω= . The parameters ε , 
φ , x, and y are all functions of time t. εf  and φf  are the radial and tangential 
components of the fluid force in journal bearing, which can be determined by integrating 
the fluid pressure distribution obtained from the solutions to the Reynolds equation with 
appropriate boundary conditions. The equations of motion described by Eqs. (7.3-7.6) are 
consistent with those given in Ref. [60]. 
 
     Assuming that oil viscosity remains constant throughout the oil film, integrating the 
fluid pressure distribution obtained from the solution to the Reynolds equation based on 
the short bearing theory, and applying the half-Sommerfeld boundary conditions [19], 
one arrives at the following expressions for the fluid force components [8]: 
( )
( )
( )
( )
2 23
2 2.52 2 2
2 2 1 2
2 1 1
RLf
Cε
ε ω φ π ε εµ
ε ε
⎡ ⎤− +⎢ ⎥= − +⎢ ⎥− −⎣ ⎦
? ?
                                                                 (7.7) 
( )
( ) ( )
3
1.5 22 2 2
2 4
2 2 1 1
RLf
Cφ
π ω φ εµ εε
ε ε
⎡ ⎤−⎢ ⎥= +⎢ ⎥− −⎣ ⎦
? ?
                                                                           (7.8) 
 
Normalizing using tt ω= , x x C=  and y y C= , the dimensionless forms of the 
equations of motion read: 
 
2 2 2sin cos 0
K K Kf x yε φ φ εω ω ω+ − − =                                                                          (7.9) 
2 2cos sin 0
K Kf x yφ φ φω ω+ + =                                                                                     (7.10) 
2 2 sin 0
K Kx x ε φω ω+ − =??                                                                                              (7.11) 
2 2 2
1s 0K Ky y coε φω ω ω+ + + =??                                                                                     (7.12) 
where
( )
( )
( )
( )
2 2
2 2.52 2
2 1 2 1 2
1 1
fε
ε φ π ε ε
ω ε ε
⎡ ⎤− +Γ ⎢ ⎥= − +⎢ ⎥− −⎣ ⎦
? ?
, 
( )
( ) ( )1.5 22 2
1 2 4
2 1 1
fφ
π φ ε εε
ω ε ε
⎡ ⎤−Γ ⎢ ⎥= +⎢ ⎥− −⎣ ⎦
? ?
,  
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C gω ω= , ( )K k C mg= , ( )3 2.5 0.52RL mC gµΓ =  and “.” represents dtd ω . Both the 
dimensionless rotor stiffness K  and the bearing’s characteristic number Γ  are a constant 
number for a specific rotor-bearing system under a specific operating condition.  
 
     The definition of bearing’s characteristic number ( )3 2.5 0.52RL mC gµΓ =  reveals that 
Γ  is a linear function of oil viscosity, µ . This implies that Γ  can be easily controlled by 
changing the oil viscosity µ  for a given rotor-bearing system. The utility of this concept 
will be illustrated in Section 7.5.2. 
 
     To solve the nonlinear equations of motion, two 2nd order nonlinear equations of 
motion (11-12) are converted into four 1st order equations. 
 
     Let ε=1x ; φ=2x ; 3x x= ; 4x x= ? ; 5x y= ; and 6x y= ? . Then the equations of 
motion (9-12) can be rewritten as: 
( ) ( ) ( ) ( )
( )
2.5 22 2
1 3 2 5 2 1 1 1 3 2 5 2
1 2 2 2
1
1 sin cos 4 1 cos sin
2 8
K x x x x x x x x x x x x
x
x
π
ω π π
⎡ ⎤− − − + − +⎢ ⎥⎣ ⎦= ⎡ ⎤Γ + −⎣ ⎦
?            
( ) ( ) ( ) ( )
( )
2 1.52 2
1 3 2 5 2 1 1 1 3 2 5 2
1
2 2 2 2
1
14 1 sin cos 1 2 cos sin
0.5
2 8
K x x x x x x x x x x x x
x
x
x
π
ω π π
⎡ ⎤⎛ ⎞− − − + − + +⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦= + ⎡ ⎤Γ + −⎣ ⎦
?
43 xx =?  
4 3 1 22 2 sin
K Kx x x xω ω= − +?                                                                
 
6 5 1 22 2 2
1sK Kx x x co xω ω ω= − − −?                                                 
i.e., the above system of equations is of the form: 
( ),ω=x f x?                                                                                                                  (7.13) 
       
     The system of equations in the form given by (7.13) is suitable for the applications of 
HBT [27, 40]. The steady state equlibrium position sx  in terms of ( 1s sx ε= , 2s sx φ= , 
3s sx x= , 4s sx x= ? , 5s sx y= , 6s sx y= ? ) can be found analytically as ( , , ,0, ,0)s s s s sx yε φ=x  
from letting ( , ) 0s ω =f x . 
 
Letting ( , ) 0s ω =f x , one obtains 
( )
( )
2 2 2
1 1 1
22
1
16 1 2
1
s s s
s
x x x
x
π
ω
+ − = Γ−
                                                                                        (7.14) 
65 xx =?
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( )0.5211
2
1
1
tan
4
s
s
s
x
x
x
π− ⎡ ⎤−⎢ ⎥= ⎢ ⎥⎣ ⎦
                                                                                           (7.15) 
3 1 2sins s sx x x=                                                                                                             (7.16) 
4 0sx =                                                                                                                         (7.17) 
5 1 2
1ss s sx x co x K
= − −                                                                                                  (7.18) 
6 0sx =                                                                                                                         (7.19) 
where 1 midK Cδ=  is the ratio of the static central deflection ( midδ ) of the shaft with the 
radial clearance (C).  
 
     Since ( )22 mL D S Sω πΓ = = , Eqs. (7.14-7.19) define the steady state positions of the 
journal center and the central disk center once the Sommerfeld number, S, is given. Since 
the steady state position of the journal center defined by Eqs. (7.14-7.15) are identical to 
those obtained by the direct solution of the Reynolds equation, the position of the journal 
center will not change whether the effects of the rotor stiffness is included or not. 
Equations (7.16-7.19) show that when the system reaches and remains at the steady state 
condition, the center of the central disk is right beneath the center of the journal with 
distance equal to the static central deflection of the shaft. 
7.3 Application of Hopf Bifurcation Theory to the Equations of Motion 
 
     The equations of motion as given in (7.13) possess a steady state equilibrium position 
sx  (the stationary point) and satisfy the four hypotheses for the application of HBT [27, 
40]. Here, the system’s running speed ω  is considered to be the system parameter ν  as 
appears in the general form of the system equations ( , )ν=x f x?  when K  and Γ  are held 
at a fixed value. According to HBT, if the parameter ω  in the equations of motion (7.13) 
becomes greater than the critical value stω , an isolated stationary point ( )s ωx  will lose 
its linear stability because a complex conjugate pair of its eigenvalues cross into the right 
half plane (positive real parts of eigenvalues) [24, 27]. Hence, this critical value stω  is the 
well-known instability threshold speed of a rotor-bearing system. 
 
     The approximate periodic solutions (system responses) of journal orbit can be 
expressed by the following Hopf bifurcation formulae when the parameter ω  (system’s 
running speed) is close to the critical value stω  (instability threshold speed of the rotor-
bearing system) [27, 40]: 
( ) ( ) ( )12 2 1
2
( , ) Re
it
st T
s st stt e O
πω ωω ω ω ωγ
⎛ ⎞−= + + −⎜ ⎟⎝ ⎠
x x v                                           (7.20) 
( )22
0 2
2( ) 1 st stT O
ω ωπω τ ω ωω γ
⎡ ⎤⎛ ⎞−= + + −⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
                                                               (7.21) 
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( )22
2
( ) stp stS O
ω ωω β ω ωγ
⎛ ⎞−= + −⎜ ⎟⎝ ⎠
                                                                           (7.22) 
Here ( )ωT  is the period of the periodic solution of journal orbit at speed ω  and ( )pS ω  
is the characteristic exponent that determines its orbital stability. Equations (7.20-7.22) 
involve six parameters ( stω , 2γ , 1v , ,0ω  2τ  and 2β ) for a specific rotor-bearing system 
with a given oil viscosity µ . These six parameters provide the necessary information on 
the existence of the periodic solution, the type of the Hopf bifurcation, and whether the 
periodic solution is stable or not. This information further determines the existence, the 
shape and the size of stability envelope [28]. In addition, the existence and the profile of 
hysteresis phenomenon [29] can be determined using this information. 
 
     The range of the existence of the periodic solutions of journal orbit is given by 2γ . 
If 02 <γ , periodic solutions exist when stωω <  and subcritical bifurcation exists; if 
02 >γ , periodic solutions exist when stωω >  and supercritical bifurcation exists. A 
system with 02 =γ  is degenerate and need not be pursued further [24]. 2τ  is the 
coefficient in the expansion of the period of the periodic solution as the running speed ω  
moves away from the critical value stω . 0ω  is the ratio of the whirling frequency over the 
instability threshold speed stω  when stω ω= . ( )0 stω β ω= . Parameter 1v  contains an 
eigenvector of the Jacobian matrix at the stationary point when stω ω=  [27, 40]. 2β  is 
the leading coefficient in the expansion of the characteristic exponent ( )pS ω . 
If ( ) 0pS ω < (i.e. 02 <β ), the periodic solution is said to be “orbital-asymptotically stable 
with an asymptotic phase” [27, 40]. Any trajectory with an initial value in the vicinity of 
the periodic solution tends to the periodic solution as time goes to infinity. If ( ) 0pS ω >  
(i.e. 02 >β ), the periodic solution is orbital-asymptotically unstable. Any trajectory with 
an initial value in the vicinity of the periodic solution tends to move away from the 
periodic solution as time goes to infinity. The unstable periodic solution defines the 
boundary of the stability envelope [28]. 
 
7.4 Results and Discussion 
 
7.4.1 Results Based on the Flexible-Rotor Model 
 
     In this section, the Hopf bifurcation theory is used to predict the instability threshold 
speed and its bifurcation type corresponding to a specific bearing’s characteristic number 
Γ . The system consists of a centrally-loaded rotor symmetrically supported by two 
indentical fluid film short journal bearings with given dimensionless rotor stiffness K .  
 
     A Hopf bifurcation subroutine developed by Hassard et al. [40] was utilized as a part 
of the simulation package developed in this research to obtain the six parameters ( stω , 2γ , 
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1v , ,0ω  2τ  and 2β ). Appendix A shows the Jacobian matrix of the equations of motion 
(7.13), which are needed as one of the inputs in the developed simulation package. 
 
     Figure 7.2 shows how the dimensionless instability threshold speed and its bifurcation 
type change with increasing the bearing’s characteristic number Γ  for given 
dimensionless values of rotor stiffness K . This figure reveals that neglecting the rotor 
stiffness effects results in the prediction of the instability threshold speed and its 
bifurcation type that could be far from the real situation. For example, assume 0.1Γ = , if 
0.1K = , the dimensionless threshold speed 1.5stω ≈  whereas the solution for a ‘rigid’ 
rotor  with a huge dimensionless rotor stiffness (say as 10000K = ) predicts that 
2.9stω ≈ . 
 
     Figure 7.3 shows how the instability threshold speed and its bifurcation type change 
with increasing the modified Sommerfeld number, ( )22mS L D Sπ= , for a given K . The 
effect of K  on the instability threshold speed shown in this figure is consistent with the 
results presented in Ref. [22] based on the linear theory. In addition to the information on 
the instability threshold speed, Fig. 7.3 can be used to determine whether a system at a 
given mS  is likely to go through subcritical bifurcation or supercritical bifurcation. 
However, to predict the system’s instability threshold speed and its bifurcation type using 
Fig. 7.3, one must draw the operating line in Fig. 7.3 and determine its crossing point 
with the stability curve corresponding to a given K . This is illustrated through an 
example in Section 7.5.1. 
 
     Figure 7.4 reveals that the instability threshold speed and its bifurcation type change 
with increasing the steady state eccentricity ratio ε  for a rotor-bearing system with given 
K .  
 
7.4.2 Comparison with the Results Based on Rigid-Rotor Model 
 
     The equations of motion in the case of a rigid rotor supported on two identical fluid-
film journal bearings are [8]: 
2
2
1 cos 0fεε εφ φω− − − =
???                                                                                           (7.23) 
2
2 1 sin 0
fφεφφ φε ε ω ε+ − + =
????                                                                                        (7.24) 
where all the notations are same as those in Eqs. (7.9-7.12). 
 
     The instability threshold speed and its bifurcation type can be determined by 
decomposing Eqs. (7.23-7.24) into four first-order ordinary differential equations, and 
applying HBT to these resulting equations [28]. Figure 7.5 shows that the system model 
based on a flexible rotor with a very huge dimensionless rotor stiffness K  ( 10000K = ) 
coincides with the results of a rigid rotor assumption. Practically, for 100K > , the 
assumption of rigid rotor should hold.  
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Fig. 7.2 Instability threshold speed and its bifurcation type changing with increasing 
           Bearing’s characteristic number Γ  for a rotor-bearing system with given  
           dimensionless rotor stiffness K . 
( )3 2.5 0.52RL mC gµ=
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Fig. 7.3 Instability threshold speed and its bifurcation type changing with increasing 
          modified Sommerfeld number mS  for a rotor-bearing system with given 
          dimensionless rotor stiffness K . 
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Fig. 7.4 Instability threshold speed and its bifurcation type changing with increasing 
          steady state eccentricity ratio ε  for a rotor-bearing system with given 
          dimensionless rotor stiffness K . 
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7.4.3 Experimental Verification 
 
     Figure 7.6 shows a schematic of the test rig for this research. It consists of a centrally-
loaded rotor symmetrically supported by two identical plain journal bearings on either 
side. The specifications of this rotor-bearing system are given in Table 7.1. By 
calculating the static central deflection midδ  of the flexible rotor simply supported at both 
ends, the dimensionless effective rotor stiffness K  is estimated to be 2.9  using 
midk mg δ= . 
 
     This test rig is equipped with a heating/cooling system (not shown) capable of 
supplying oil with controllable inlet oil temperature in the range of 0 °C ∼ 180 °C. The 
rotor is driven by a half-horsepower AC-DC Series motor with an electronic speed 
controller through a flexible spring coupling. Its speed range is 0-10,000 rpm. Vibration 
data (journal orbits) is recorded in real time by a pair of XY eddy current transducers 
located in the journal bearing shell. These signals are processed via a computerized data 
acquisition system.  
 
Fig. 7.5 Comparison between two models.
( )3 2.5 0.52RL mC gµ=
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0.2000 m
Φ 0.0762 m
0.1270 m
Oil Inlet
Inboard Journal Bearing 0.5271 m Oil Inlet
Outboard 
Journal Bearing
Oil OutletBase PlateOil Outlet
Spring Coupling Shaft
Motor
Φ 0.0254 m
 
 
Table 7.1 Specification of the rotor-bearing system 
 
Journal diameter (2R) 0.0254 m 
Length of the bearing (L) 0.0127 m 
Span length (l) between two bearings 0.5271 m  
Inside diameter of the hollow shaft 0.0152 m 
Mass of the rotor (2m) 5.4523 kg 
Nominal radial clearance (C) 50.8×10-6 m 
Lubricant ISO 32 
Inlet pressure ( inp ) 31 kPa 
Inlet temperature range (Tin) 20 °C ∼ 100 °C 
  
 
     The experimental procedure is as follows. To reach the desired inlet oil temperature, 
oil is heated and circulated through the system with the motor speed set at a relatively 
low speed—about 1800 rpm—until the inlet oil temperature and the bearing temperatures 
are stabilized. Then, the speed is increased up to 7000 rpm at an increment of about 200 
rpm. When the speed of the system exceeds 7000 rpm, the speed increment is decreased 
to about 50 rpm. To determine the instability threshold speed accurately, the speed is 
ramped as slow as possible when approaching whirl. After crossing the instability 
threshold speed of whirl, the speed is increased further to a high enough value to get a 
sustaining whip, with its amplitude maintaining at about two times of the radial clearance 
C. Then, the speed is decreased as slow as possible until the whirl disappears and the 
system is allowed to coast down. In all the experiments, every time the speed is changed, 
the system is allowed to run long enough to reach a steady state.  
 
     Based on this experimental procedure, Runup Threshold Speed (RUTS) and Rundown 
Threshold Speed (RDTS) have been identified for different oil inlet temperature in the 
range of 21.2 °C to 86.7 °C. Hysteresis phenomenon exists if RDTS is less than RUTS, 
and the system will go through subcritical bifurcation [29]. Otherwise, in the absence of 
hysteresis, the system goes through a supercritical bifurcation [29]. 
 
Fig. 7.6 Schematic figure of the test rig 
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     Figure 7.7 shows the comparison between the experimental results with the stability 
curves presented in Fig. 7.2. The open square denotes that the bifurcation at this 
operating condition is subcritical; solid square denotes that the bifurcation is 
supercritical. The oil viscosity at inlet temperature is used in the calculation of Γ . Figure 
7.7 reveals that the experimental results match with the stability curves presented in Fig. 
7.2. The stability curve corresponding to 2.9K =  can be approximated through 
interpolation between the stability curve for 2K =  and the stability curve for 4K = .  
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7.4.4 Discussion 
 
     Figures 7.2-7.4 reveal that rotor stiffness has a pronounced influence on system’s 
instability threshold speed and its bifurcation type. Two bifurcation regions exist if the 
dimensionless rotor stiffness 4.3K ≥ . At low bearing’s characteristic number Γ  (i.e., 
low modified Sommerfeld number mS  or high steady state eccentricity ratio ε ) the 
system will go through supercritical bifurcation. When operating at high Γ  (high mS  or 
low ε ), the bifurcation type is subcritical. This finding is consistent with the existing 
literatures based on the rigid rotor model [24,26]. However, three bifurcation regions is 
predicted to exist if the dimensionless rotor stiffness 4.3K < . With bearing’s 
characteristic number Γ  increasing, the bifurcation type is changing from subcritical to 
Fig. 7.7 Experimental results with 2.9K = . 
( )3 2.5 0.52RL mC gµ=
 101
supercritical followed by a subcritical bifurcation again. In other words, for either very 
high Γ  (or very high mS  or very low ε ) or very low Γ  (or very low mS  or very high ε ), 
the system will go through subcritical bifurcation. Thus, supercitical bifurcation exists 
only when the system operates at a mild value of Γ . According to Ref. [29], hysteresis 
phenomenon takes place only when the bifurcation that a system will go through is 
subcritical bifurcation. Therefore, hysteresis phenomenon can take place at either very 
high Γ  (or very high mS  or very low ε ) or very low Γ  (or very low mS  or very high ε ). 
These results are consistent with the experimental discoveries reported in Refs. [13, 14] 
involving a rotor-bearing system with bearing length over diameter ratio equal to 0.5.  
 
     For a rotor-bearing system with dimensionless rotor stiffness K  < 4.3, it will be more 
difficult to assure that the bifurcation is supercritical for all possible bearing’s 
characteristic number Γ . For a given rotor-bearing system, Γ  is a linear function of oil 
viscosity µ , so any possible changes in the viscosity affect Γ . A consequence of this 
situation will be illustrated by an example in Section 7.5.2. 
 
     The intricacy associated with bifurcation type puts forth a very important constraint to 
the well-accepted theory that higher loading is always preferred in the point view of the 
instability of fluid film journal bearings. For instance, let us assume that the 
dimensionless rotor stiffness 2.0K =  and bearing’s characteristic number 0.09Γ =  
( corresponding to 0.7ε ≈ ). The dimensionless instability threshold speed is predicted to 
be 2.7stω =  and its bifurcation type according to Fig. 7.2 or Fig. 7.4 is subcritical. 
According to the well-accepted linearized theory —which does not provide any 
information of the bifurcation type— the system will be stable even when system’s 
running speed is close to but less than the instability threshold speed.  But according to 
the present analysis, this may present a dangerous situation since the system is operating 
in the subcritical bifurcation region. Therefore, an unexpected disturbance with an 
amplitude outside the stability envelope can easily promote instability even when 
system’s running speed is less than the instability threshold speed [28]. 
 
     The information conveyed by Fig. 7.2 should be beneficial at the design stage as well 
as for devising a remedy to a rotor-bearing system that suffers from instability. Since the 
dimensionless rotor stiffness is a fixed value, the instability threshold speed and its 
bifurcation type can be predicted directly using Fig. 7.2. If the bifurcation type 
corresponding to the current bearing’s characteristic number Γ  is in the subcritical 
bifurcation regime, effort should be focused on changing the bearing’s characteristic 
number Γ  through controlling the oil inlet temperature or even the oil grade to force the 
bifurcation into supercritical bifurcation regime.  
 
7.5 Applications of Fig. 7.2 
 
7.5.1 Illustrative Example I 
 
     Consider the rotor-bearing specifications [22] listed in Table 7.2. The following 
constants are first calculated. 
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( ) 5K k C mg= =  
 ( )3 2.5 0.52 0.1737RL mC gµΓ = =  
 
Table 7.2 Specification of the rotor-bearing system used in [22] 
 
Journal radius (R) 0.0635 m 
Length of the bearing (L) 0.0635 m 
Radial clearance (C) 127×10-6 m 
Mass of the rotor (2m) 2268 kg 
Rotor stiffness (2k) 8.7563×108 N/m 
Oil viscosity ( µ ) 0.0138Pa⋅s 
Designed system’s running speed (ω ) 5400 rpm 
 
 
     Using Fig. 7.2, the predicted dimensionless instability threshold speed corresponding 
to the operating conditions given in Table 7.2 is 2.33 and the bifurcation that the system 
could go through is supercritical bifurcation. Using g Cω ω= , the dimensional 
instability threshold speed is about 6182 rpm. Thus, the system with designed system’s 
running speed equal to 5400 rpm is stable. These results match very well with those 
predicted using Fig. 35 in Ref. [22].  
 
     Using Eqs. (7.14-7.19), the steady state positions of the journal center and the central 
disk center with system’s running speed equal to 5400 rpm can be predicted. With 
system’s running speed equal to 5400 rpm, the steady state position of the journal center 
is at ( ) ( ), 0.6182,45ε φ = °  or ( ) ( )x,y 0.4368,-0.4374= . The steady state position of the 
central disk center is at ( ) ( )x,y 0.4368,-0.6374= . 
 
     However, additional effort will be needed if Fig. 7.3 is used to predict the instability 
threshold speed and its bifurcation type. The system’s operating line has to be drawn in 
Fig. 7.3. This operating line is determined by the expression ( )( )2 32 mmgC RL Sω µ= , 
which can be easily derived from the definition of mS . Fig. 7.8 shows the system’s 
operating line for this example. The stability curve corresponding to 5K =  can be 
approximated through interpolation between the curve for 4.3K =  and 10K = . 
 
     This example shows that comparing with using Fig. 7.3 that requires calculating the 
modified Sommerfeld number mS , it is much more convenient to use Fig. 7.2 which is 
based on the bearing’s characteristic number Γ . In other words, bearing’s characteristic 
number Γ  is more powerful and preferred for predicting the instability threshold speed 
and its bifurcation type for a given rotor-bearing system with given operating conditions. 
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7.5.2 Illustrative Example II 
 
     The specifications of a centrally-loaded rotor-bearing system used in a classical paper 
by Pinkus [10] are shown in Table 7.3: 
 
Table 7.3 Specification of the rotor-bearing system used in [10] 
 
Journal radius (R) 0.0254 m 
Length of the bearing (L) 0.0254 m 
Radial clearance (C) 63.5×10-6 m
Mass of the rotor (2m) 84.823 kg 
 
     Since the positions of the supporting bearings are not given in Ref. [10], suitable rotor 
stiffness ( K ) is assumed so that Fig. 7.2 can be used to illustrate Pinkus’ experimental 
results [10].  
 
     For given oil viscosities (0.065 Pa⋅s (at 25˚C) and 0.014 Pa⋅s (at 60˚C)) in Ref. [10], 
Table 7.4 shows the experimentally measured instability threshold speeds comparing 
with the predicted instability threshold speeds which are based on several possible 
Fig. 7.8 Application of Fig. 3 on the rotor-bearing system [22]. 
( )22 L D Sπ=  
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dimensionless rotor stiffness K . With oil viscosity equal to 0.065 Pa⋅s, Pinkus observed 
that the system could start to whip sometimes even at running speed as low as 1.4203 [10]. 
 
Table 7.4 Comparison of the predicted instability threshold speeds with the 
                            experimentally measured ones [10] 
 
Oil viscosity µ  
(Oil temperature) 
Γ  Measured stω  Predicted stω  
with 2K =  
Predicted stω  
with 3K =  
0.065 Pa⋅s (25˚C) 3.1699 2.0758 
(1.4203) 
1.9628 
(Subcritical) 
2.1471 
(Subcritical) 
0.014 Pa⋅s (60˚C) 0.6827 1.8573 1.8599 
(Supercritical)
2.0337 
(Supercritical)
 
     Figure 7.9 shows these two experimental operating points described by Table 7.4 in 
Fig. 7.2. In Fig. 7.9, open square denotes that the bifurcation that the system will go 
through under this operating condition is subcritical bifurcation; solid square denotes that 
the bifurcation that the system will go through under this operating condition is 
supercritical bifurcation.  
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Fig. 7.9 Two experimental operating points described by Table 4 in Fig. 2. 
( )3 2.5 0.52RL mC gµ=
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     Table 7.4 and Fig. 7.9 reveal that the experimental instability threshold speeds 
corresponding to two different system operating conditions shown in Table 7.3 match 
with those predicted based on the assumption that the value of the dimensionless rotor 
stiffness K  is between 2 and 3.  
 
     Table 7.4 and Fig. 7.9  also show that the bifurcation that the system with oil viscosity 
equal to 0.065 Pa⋅s goes through is subcritical bifurcation. Based on the Hopf bifurcation 
theory, even when system’s running speed is far below the instability threshold speed, a 
stability envelope whose shape and size can be predicted using HBT at given running 
speed could exist [28]. Thus, whether the system is stable or not depends on the external 
perturbation that could be applied to the system. The system with given running speed 
will be stable as long as any kind of external perturbations imposed on the system are all 
located inside the predicted stability envelope [28]. Otherwise, oil whip will start even if 
the external perturbation is just a transient one [28]. This kind of important information 
could be obtained only by using Fig. 7.2, which is predicted by the nonlinear theory 
presented in this chapter. Classical solutions based on the linear theory could not provide 
any information about the bifurcation type and the shape and size of the stability 
envelope. 
 
     Based on the above analyses, the peculiar phenomenon observed by Pinkus [10] can 
be explained. The analysis reveals that with oil viscosity equal to 0.065 Pa⋅s, the system 
goes through subcritical bifurcation. Therefore, the system is very susceptible to 
perturbation [28]. A transient perturbation, which often exists in practice, can easily force 
a stable system to unstable operation even when system’s running speed is far from the 
predicted instability threshold speed. Thus, when a disturbance with certain amplitude 
occurs, Pinkus’ system with oil viscosity equal to 0.065 Pa⋅s could start to whip even at 
running speed as low as 1.4203. 
 
     Table 7.4 and Fig. 7.9 have also shown that the bifurcation that the system with oil 
viscosity equal to 0.014 Pa⋅s goes through is supercritical bifurcation. Since the type of 
the Hopf bifurcation is supercritcal, stability envelope does not exist [28]. The system 
will be stable as long as the system’s running speed is less than the instability threshold 
speed regardless of the external perturbation. 
 
     This example also shows that the type of the Hopf bifurcation that a rotor-bearing 
system could go through can be changed from subcritical bifurcation to supercritical 
bifurcation through changing the oil viscosity. The change of the oil viscosity from 0.065 
Pa⋅s (at 25˚C) to 0.014 Pa⋅s (at 60˚C) for the rotor-bearing system used in [10] resulted in 
the change of the Hopf bifurcation type from subcritical bifurcation to supercritical 
bifurcation.  
 
7.5.3 Illustrative Example III 
 
     In this section we analyze a centrally-loaded flexible rotor symmetrically supported by 
two fluid-film journal bearings studied by Hori and Kato [7] with the specification given 
in Table 7.5. These bearings are typically used in generators. With the dimensionless 
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natural frequency 1nω = , linear and nonlinear analysis for different pB  values has been 
studied by Guo and Adams in [4, 11-12]. The instability threshold speeds predicted by 
the nonlinear analysis based on the direct solution of the equations of motion using 
Runge-Kutta-Felhberg method are consistent with those predicted by the linear analysis 
[4, 11-12].  
 
Table 7.5 Specifications of the journal bearings used in Refs. [4, 11-12] 
 
Journal diameter ( 2R ) 0.662 m 
Bearing length ( L ) 0.331 m 
Radial clearance (C ) 0.000993 m 
Oil viscosity ( µ ) 0.0056 Pa·s 
 
     Table 7.6 shows the data collected from “Table 3.5.1” and “Table 3.5.2” and “Table 
4.3.1” in Ref. [11] and the other figures and data in Refs. [4, 11-12]. 
 
Table 7.6 Simulation results given in Refs. [4, 11-12] with 1K =  
 
pB  st C gω  Ratio of RUTS 
over cω  
Ratio of RDTS 
over cω  
Comments 
0.5 1.026 2.00 2.00 No hysteresis phenomenon 
0.2 1.209 1.92 1.85 hysteresis phenomenon 
0.1 1.779 2.36 1.72 hysteresis phenomenon 
0.05 2.688 3.48 1.73 hysteresis phenomenon 
 
In Table 7.6, pB  is defined as [4, 11-12]: 
3
p
L R S SB C g
m C C g
µ
π ωω
⎛ ⎞= = =⎜ ⎟⎝ ⎠                                                                         (7.25) 
 
From the definition of Γ , one has 
( )22 SL Dπ ωΓ =                                                                                                         (7.26) 
 
So, the relation between Γ  and pB  can be described as  
( )22 pL D BπΓ =                                                                                                         (7.27) 
 
Since 1nω =  for the rotor-bearing system used in [4, 11-12], the dimensionless rotor 
stiffness: 
( )2 2 2 1n n nCk CK C gmg gω ω ω= = = = =  
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     Based on the conclusion that hysteresis phenomenon only exists when the system 
undergoes subcritical bifurcation [29], further information given in Table 7.7 can be 
obtained.  
 
Table 7.7 Further information about the system [4, 11-12] with 1K =  
 
pB  Γ  st C gω Comments 
0.5 0.7854 1.026 Supercritical bifurcation 
0.2 0.3142 1.209 Subcritical bifurcation 
0.1 0.1571 1.779 Subcritical bifurcation 
0.05 0.0785 2.688 Subcritical bifurcation 
 
     Figure 7.10 shows that the results reported in [4, 11-12] match well with the stability 
curve presented in Fig. 7.2 when 1K =  in a general way. In Fig. 7.10, open square 
denotes that the bifurcation that the system undergoes subcritical bifurcation; solid 
square denotes that the system will go through supercritical bifurcation. 
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     This example also verifies the predictions of the instability threshold speed and its 
bifurcation type using the stability curves presented in Fig. 7.2. 
Fig. 7.10 Comparison of the results reported in Refs. [4, 11-12] with the stability curve 
            presented in Fig. 2 with 1K = . 
( )3 2.5 0.52RL mC gµ=
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7.6 Summary 
 
     The Hopf bifurcation theory was used to study the rotor stiffness effects on the 
bifurcation regions of a flexible rotor supported by two identical fluid film journal 
bearings. Simulation results based on a rigid rotor supported by the same fluid film 
journal bearings are used to verify the effectiveness of the new model for a flexible rotor-
bearing system.  
 
     It is shown that the rotor stiffness has a pronounced influence on the instability 
threshold speed as well as its bifurcation type. For short bearings, two bifurcation regions 
exist if the dimensionless rotor stiffness 4.3K ≥ . On the other hand, three bifurcation 
regions will exist if the dimensionless rotor stiffness 4.3K < . 
 
     Using Fig. 7.2 presented in this chapter, not only the instability threshold speed but 
also the bifurcation type can be easily predicted for a given rotor-bearing system with any 
given set of operating parameters. 
 
     Experimental results as well as several published results in the open literature are 
presented that attest to the validity of Fig. 7.2 and its usefulness for design consideration. 
A series of examples are provided to illustrate the utility of the analyses presented in this 
chapter. 
 109
8 Conclusions 
 
 
8.1 Conclusions 
 
     An extensive nonlinear rotor-bearing instability analysis has been implemented in this 
work. Some important instability criteria have been established. The major contributes to 
the field of rotor-bearing dynamics are in the following aspects: 
 
1. Using the Hopf bifurcation theory (HBT), the static and the dynamic characteristics 
of rotor-bearing systems with consideration of turbulent effects are evaluated. 
 
2. Stability Envelope Rs —an important concept in the field of rotor-bearing 
dynamics— is discussed. A new method to predict the Rs is developed based on the 
application of HBT. The effectiveness of this method is verified. 
 
3. An explanation of the hysteresis phenomenon discovered in experimental research 
is provided based on the application of HBT. Important phenomena of subcritical 
bifurcation and supercritical bifurcation are confirmed in a series of experiments 
and simulation results. 
 
4. A dip phenomenon is discovered associated with the oil inlet temperature and its 
effects on the instability of rotor-bearing systems by conducting an extensive 
number of experiments. The implication of this phenomenon on the stability of 
rotor-bearing systems is described. 
 
5. Drag force effects on the dynamic performance of rotor-bearing systems is 
evaluated using HBT. 
 
6.  The influence of rotor stiffness on the bifurcation regions of a flexible rotor 
supported by two identical fluid-film journal bearings is studied. Easy-to-use charts 
and pertinent examples that illustrate the utility of the results are presented. It is 
believed that these charts are useful for the design of high-speed rotor-bearing 
systems as well as the trouble-shooting of existing rotor-bearing systems that may 
suffer from instability problems. 
 
The brief summary of the results are: 
 
1. Turbulent Effects 
 
      Using HBT, closed-form analytical expressions for the stiffness and damping 
coefficients with provisions for turbulence are derived. It has shown that the 
turbulence has a remarkable affect on the static and dynamic performances of rotor-
bearing systems. Turbulence also has a pronounced influence on the periodic 
solutions of journal oribit. 
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2. Stability Envelope Rs  
 
      The application of HBT allows one to easily predict the stability envelope Rs, and 
the results match with those obtained using the trial-and-error method described in 
reference [8].  
 
3. Hysteresis Phenomenon 
 
      The existence of the hysteresis phenomenon is dependent on the specific system 
parameters, i.e. those that determine whether the bifurcation that the system will go 
through is subcritical bifurcation or supercritical bifurcation; the effect of the oil 
viscosity on the hysteresis phenomenon is significant. Experimental results illustrate 
the effectiveness of the prediction of hysteresis phenomenon. Operating conditions 
can drive the system from subcritical bifurcation to supercritical bifurcation, and vice 
versa. The hysteresis phenomenon can occur only in subcritical bifurcation cases.  
 
4. Dip Phenomenon 
 
      Changing the inlet oil temperature can either improve or deteriorate the instability 
threshold speed of rotor-bearing systems depending on the operating point; with 
increasing the inlet oil temperature, the threshold speed will decrease first slowly, 
then reach a valley at some point, after which it increases. Since the instability 
threshold speed of rotor-bearing systems is a strong function of inlet oil temperature, 
it is possible to move the operating point of an unstable rotor-bearing system to a 
stable region sometimes by heating and sometimes by cooling the inlet oil depending 
on the initial operating point. This also explains the apparent disparities and the 
seemingly contradictory statements presented in classical published papers. 
 
5. Drag Force Effects 
 
      The drag force effects on the dynamic performance of a rotor-bearing system are 
significant. The inclusion of the drag force in the equations of motion increases the 
threshold speed and extends the region of stability, i.e. Rs.  
 
6. Rotor Stiffness Effects 
 
     Rotor stiffness has a pronounced effect on the instability threshold speed as well as 
the bifurcation regions. For short bearings, two bifurcation regions exist if the 
dimensionless rotor stiffness 4.3K ≥ . On the other hand, three bifurcation regions 
exist if the dimensionless rotor stiffness 4.3K < . Information is presented that allows 
one to easily predict both the instability threshold speed and its bifurcation type of a 
rotor-bearing system with any specific set of operating parameters. 
 
     The stability of rotor-bearing systems is extremely important to all high-speed rotor-
bearing systems that utilize fluid-film journal bearings. Failure of maintaining stability 
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can have severe implications in terms of productivity, economic loss, and safety. This 
work has made significant contributions to combat this important problem.  
 
8.2 Suggestions for Possible Future Research 
 
Literature about the effects of inlet oil position and inlet oil pressure on the dynamic 
performance of rotor-bearing systems is very few, especially for using Reynolds 
boundary conditions to define the starting position of the cavitation and with 
consideration of the reformation of oil film at the end of caviation. Based on the 
linearized stiffness and damping coefficients, literature [61, 62] shows that inlet oil 
position and inlet oil pressure have significant effects on the instability threshold speed. 
The nonlinear analysis based on Reynolds boundary condition and with consideration of 
the reformation of oil film at the end of caviation is not available in literature according 
to an extensive literature search. The effects of inlet oil position and inlet oil pressure on 
the stability envelope and hysteresis phenomenon and bifurcation regions are all 
challenging future research topics and have important significance in practice. 
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Appendix A: Brief Description of Hopf Bifurcation Theory 
 
 
Hopf [63] in 1942 was the first to point out that a nonconstant periodic orbit bifurcates at 
some critical system parameter, subject to four hypotheses. He gave a uniqueness 
theorem about the bifurcation and provided information about the stability of periodic 
orbits [23]. However, it is difficult to apply his theory to a specific example, especially in 
determining the direction of bifurcation and the stability of the periodic orbit [23]. In 
1965, Friedrichs [64] provided criteria for distinguishing subcritical bifurcation and 
supercritical bifurcation [34]. In 1976, Poore [65] simplified the existing theories and 
derived algebraic criteria that can be easily applied in order to determine the direction of 
bifurcation and the stability of the periodic orbit [23]. 
 
Hopf Bifurcation is concerned with the bifurcation of the periodic orbits from the 
equilibrium points of a system, whose behavior is described by the ordinary differential 
equations ( , )ν=x f x?  as the system parameter ν  crosses a critical value cν . A Hopf 
Bifurcation occurs when, as the system parameter ν  varies, a single complex conjugate 
pair of eigenvalues of the linearzied system equations become purely imaginary in the 
process of crossing into the right half plane (positive real parts of eigenvalues). [24].  
 
The Hopf bifucation analaysis is based on the following hypotheses [40]: 
  (i)  equation ( , )ν=x f x?  has an isolated stationary point, say at ( )s ν=x x ; 
  (ii) the Jacobian matrix ( ) ( )( , ) ( , ); , 1, ,is s
j
f i j n
x
ν ν ν ν⎛ ⎞∂= =⎜ ⎟⎜ ⎟∂⎝ ⎠x
f x x ?  has exactly a pair 
of complex conjugate eigenvalues ( ) ( )νβνα i±  such that when cνν = , ( ) 00 >= ωνβ c , ( ) 0=cνα . Meanwhile, the other ( )2−n  eigenvalues possess purely negative real parts; 
  (iii) f is analytic in x and ν  in a neighborhood of ( , ) ( , )s cν ν=x x ; and 
  (iv) ( ) ( ) 0≠cd
d νν
να , where ( )να  is the real part of the pair of eigenvalues stated above 
that are continuous at cν . 
 
In the above hypotheses, cν  is called the critical value of ν . If assumption (ii) holds, then 
assumption (iv) implies that the linear stability of the stationary point ( )s νx  will be lost 
as ν  crosses cν . Under these conditions, at the onset of bifurcation, the system has a 
family of periodic solutions. The Hopf bifurcation theorem provides appropriate criteria 
for the prediction of the existence, shape and period of the periodic solution [40]. In 
general (excluding the special case where bifurcation occurs only for cνν ≡ ), periodic 
solutions exist in exactly one of the cases: either cνν >  or cνν <  [23]. The periodic 
solutions in the case of cνν > , is called a supercritical bifurcation. If the periodic 
solutions exist only in the case of cνν < , then the system is said to undergo a so-called 
subcritical bifurcation.  
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Appendix B: Integrations in the Expressions for the Fluid Force 
Components 
 
 
Assume integrals 
( )0
sin s
1 cos
m n
mn
l l
coI d
π θ θ θε θ= +∫                                                                                              (B1) 
( )
2 sin s
1 cos
m n
mn
l l
coJ d
π
π
θ θ θε θ= +∫                                                                                            (B2) 
     Although integrals mnlI  and 
mn
lJ can be evaluated using the formulas for the indefinite 
bearing integrals provided by Booker [66], here one substitution introduced by Dubois 
and Ocvirk [56] and Sommerfeld substitution are used to determine the integrals mnlI  and 
mn
lJ . 
 
The following substitution [56] is used frequently in these integrations. 
( ) ( )⎥⎦
⎤⎢⎣
⎡
+−=+ θεεθε
θ
cos1
111
cos1
cos                                                                                 (B3) 
 
Using Sommerfeld substitution 
( )
( )
( )
1
2 2
2
1
 , and 
1 cos
11 cos
1 cos
d d
εθ αε α
εε θ ε α
−= −
−+ = −
                                                                                         (B4) 
, the following integrals are solved as:  
( )
00
1 1
2 21
I π
ε
=
−
 
( )
00
2 3
2 21
I π
ε
=
−
 
( )
( )
2
00
3 5
2 2
2
2 1
I
π ε
ε
+=
−
 
10
1
1 1ln
1
I εε ε
+⎛ ⎞= ⎜ ⎟−⎝ ⎠  
( )11 101 1 21 2 1 12 ln 1I I εε ε ε ε+⎛ ⎞= − = − ⎜ ⎟−⎝ ⎠  
( )
01 00
1 1 1
2 2
1
1
I I π ππε ε ε ε
⎡ ⎤= − = −⎣ ⎦ −
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( )
02 00
1 1 12 2
2 2 2
1
1
I I π ππε εε ε
⎡ ⎤= − − = −⎣ ⎦ −
 
10
2 2
2
1
I ε= −  
11
2 2 2
1 1 2ln
1 1
I ε εε ε ε
+⎡ ⎤⎛ ⎞= −⎜ ⎟⎢ ⎥− −⎝ ⎠⎣ ⎦  
( ) ( )( )
2
12 10 11
2 1 2 32 2
2 21 1 2 12 ln
11
I I I
ε ε
ε ε ε εε ε
− +⎛ ⎞ ⎛ ⎞= − − = −⎜ ⎟ ⎜ ⎟−−⎝ ⎠ ⎝ ⎠  
( )
20 00 00
2 2 1 12 2 2 2
2 2 2
1 21
1
I I Iπ π πε ε ε εε ε
⎛ ⎞= − − + = −⎜ ⎟⎝ ⎠ −
 
( )
( )
22 2
21 00 00
2 1 2 13 3 3 33 2 2
23 1 2 2
1
I I I
ε πε ε π π
ε ε ε εε ε
−− −= − + = +
−
 
( )30 10 10 112 2 1 22 3 21 1 2 1 42 ln 1I I I I εε ε ε ε ε+⎛ ⎞= − − + = −⎜ ⎟−⎝ ⎠  
( ) ( )
2
01 00 00
2 1 2 3
2 2
1
1
I I I πεε ε ε
= − = −
−
 
( ) ( )( )
2
02 00 00
2 2 1 32 2
2 2 2
1 21 2
1
I I I
π εππε ε ε ε
−= + − = −
−
 
( )
( )
2
03 00 00
2 1 2 33 3 3 3
3 2 2
2 33 1 2 2
1
I I I
π επ π
ε ε ε εε ε
−= − − = −
−
 
( )
10
3 22
2
1
I ε= −  
( ) ( )
11 10 10
3 2 3 22
1 2
1
I I I εε ε= − = − −  
( ) ( )( )
2
12 11 10 10
3 2 2 3 22 3 2
2 1 21 1 1ln
1 1
I I I I
ε εεεε ε ε ε
⎛ ⎞−+⎛ ⎞⎜ ⎟= − + = −⎜ ⎟−⎜ ⎟⎝ ⎠ −⎝ ⎠
 
( )( ) ( ) ( )
13 10 11 10 10
3 1 2 2 3 23 3 5 4 2
1 2 1 2 1 2 22 1 ln
1 1 1
I I I I I ε εεε ε ε ε ε ε ε ε
+ +⎛ ⎞= − − + + − = − + −⎜ ⎟− −⎝ ⎠ −
 
( ) ( )
20 00 00
3 2 1 32
2 2
1
2 2 1
I I I πε ε
= − =
−
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( )
( )
22
21 00 00
3 2 1 33 3 3 3
3 2 2
2 32 3 5
2 2 2 1
I I I
π εε π π
ε ε ε εε ε
−−= − + = −
−
 
( )
( )
2 42 2
22 00 00
3 1 2 34 4 4 4
4 2 2
4.5 35.5 2 2.5 3 3
1
I I I
π ε εε ε π π
ε ε ε εε ε
− −− −= − + = +
−
 
( )
2
30 10 11 10
3 3 2 22 2 32 2
1 1 1 2 1 1ln
11
I I I Iε εε ε ε ε εε ε
− +⎛ ⎞= − + = − ⎜ ⎟−− ⎝ ⎠  
( ) ( )( ) ( )
2 3
31 10 10 10 11
3 2 3 1 23 3 54 2
1 1 4 4 2 2 12 1 ln
11
I I I I Iε ε ε ε εεε ε ε εε ε
⎛ ⎞− − − + +⎛ ⎞= − − − − + = + ⎜ ⎟⎜ ⎟ −− ⎝ ⎠⎝ ⎠
 
( ) ( )
01 00 00
3 2 3 5
2 2
1 3
2 1
I I I πεε ε
−= − =
−
 
( ) ( )( )
2
02 00 00 00
3 3 2 1 52
2 2
1 21
2 2 1
I I I I
π ε
ε ε
+= − − =
−
 
( )
( )
2 4
03 00 00 00
3 2 3 1 53 3 3 3
3 2 2
5 6 23 1 5
2 2 2 1
I I I I
π ε επ π
ε ε ε ε εε ε
− −= − − + = +
−
 
10
2 2
2
1
J ε= − −  
( )
01
2 3
2 21
J πε
ε
= −
−
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Appendix C: Definition of Orbital-Asymptotically Stable with an 
Asymptotic Phase [40] 
 
 
     Let ( )tp  be a periodic solution of ( )=x f x? , where f is analytic in x . Then ( )tp  is 
asymptotically, orbitally stable with asyptotic phase if and only if there exists an 0>ε  
such that if ( )tψ  is any solution of ( )=x f x?  for which ( ) ( ) εψ <− tpt0  at some 0t , then 
there exists a constant φ , called the asymptotic phase, with the property 
( ) ( )lim 0
t
t p tψ φ→∞ − + =                                                                                                   (C1) 
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Appendix D: Jacobian Matrix of the Equations of Motion 
 
 
The Jacobian matrix of the equations of motion (7.13) is: 
( )
1 1 1 1 1 1
1 2 3 4 5 6
2 2 2 2 2 2
1 2 3 4 5 6
3 3 3 3 3 3
1 2 3 4 5 6
4 4 4 4 4 4
1 2 3 4 5 6
5 5 5 5 5 5
1 2 3 4 5 6
6 6
1
,s
f f f f f f
x x x x x x
f f f f f f
x x x x x x
f f f f f f
x x x x x x
f f f f f f
x x x x x x
f f f f f f
x x x x x x
f f
x x
ω
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂∂ = ∂ ∂ ∂ ∂ ∂ ∂∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
∂ ∂
∂ ∂
f x
x
6 6 6 6
2 3 4 5 6
f f f f
x x x x
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥∂ ∂ ∂ ∂⎢ ⎥∂ ∂ ∂ ∂⎢ ⎥⎣ ⎦
                                                        (D1) 
 
Substituting the equations of motion (7.13) into the Jacobian matrix, then 
( )
11 12 13 15
21 22 23 25
2 1 22 2 2
2 1 22 2 2
0 0
0 0
0 0 0 1 0 0
, sin cos 0 0 0
0 0 0 0 0 1
cos sin 0 0 0
s
J J J J
J J J J
K K Kx x x
K K Kx x x
ω ω ω ω
ω ω ω
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥∂ ⎢ ⎥= −∂ ⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥− −⎢ ⎥⎣ ⎦
f x
x
                                 (D2) 
where 
( ) ( ) ( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
0.52 2
1 1 3 2 5 2 1 1 3 2 5 2
11 222 2 2 2
1 1
2 2
1 3 2 5 2 1 1 1 3 2 5 2
1.5 12 2 2 2 2 2 2 2
1 1 1 1
4 8 1 sin cos 4 cos sin
1 2 8
5 sin cos 1 4 1 5 cos sin
1 2 8 1 2 8
Kx x x x x x x x x x x x
J
x x
K x x x x x x x K x x x x x
x x x x
π π
ω π π
π π
ω π π ω π π
−
− −
⎡ ⎤− − − − + +⎢ ⎥⎣ ⎦= − ⎡ ⎤Γ − + −⎣ ⎦
⎡ ⎤− − + − − +⎣ ⎦− +⎡ ⎤ ⎡ ⎤Γ − + − Γ − + −⎣ ⎦ ⎣ ⎦
 
( ) ( ) ( ) ( )
( )
2.5 22 2
1 3 2 5 2 1 1 5 2 3 2
12 2 2 2
1
1 s sin 4 1 s sin
2 8
K x x co x x x x x x co x x x
J
x
π
ω π π
⎡ ⎤− + + − −⎢ ⎥⎣ ⎦= ⎡ ⎤Γ + −⎣ ⎦
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( ) ( )
( )
2.5 22 2
1 2 1 1 2
13 2 2 2
1
1 sin 4 1 cos
2 8
K x x x x x
J
x
π
ω π π
⎡ ⎤− + −⎢ ⎥⎣ ⎦= ⎡ ⎤Γ + −⎣ ⎦
 
( ) ( )
( )
2.5 22 2
1 2 1 1 2
15 2 2 2
1
1 cos 4 1 sin
2 8
K x x x x x
J
x
π
ω π π
⎡ ⎤− − + −⎢ ⎥⎣ ⎦= ⎡ ⎤Γ + −⎣ ⎦
 
( ) ( ) ( ) ( ) ( )
( ) ( )
( )
( ) ( )
( )( )
( ) ( )
0.52 2 2
1 1 3 2 5 2 1 1 3 2 5 2
21 21.52 2 2 2
1 1
2 4
1 3 2 5 2 1 1 3 2 5 2
1 0.52 2 2 2 2 2 2 2
1 1 1 1 1
4 8 4 1 sin cos 1 2 cos sin
1 2 8
4 4 sin cos 5 1 1 8 cos sin
1 2 8 1 2 8
K x x x x x x x x x x x x
J
x x
K x x x x x x K x x x x x
x x x x x
π π
ω π π
π
ω π π ω π π
−
− −
⎡ ⎤− − − − + + +⎢ ⎥⎣ ⎦= − ⎡ ⎤Γ − + −⎣ ⎦
⎡ ⎤− − + + +⎣ ⎦− −⎡ ⎤Γ − + − Γ − + −⎣ ⎦ 2⎡ ⎤⎣ ⎦
 
( ) ( ) ( ) ( )
( )
2 1.52 2
1 3 2 5 2 1 1 5 2 3 2
1
22 2 2 2
1
14 1 s sin 1 2 s sin
2 8
K x x co x x x x x x co x x x
x
J
x
π
ω π π
⎡ ⎤⎛ ⎞− + + − + −⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦= ⎡ ⎤Γ + −⎣ ⎦
 
( ) ( )
( )
2 1.52 2
1 2 1 1 2
1
23 2 2 2
1
14 1 sin 1 2 cos
2 8
K x x x x x
x
J
x
π
ω π π
⎡ ⎤⎛ ⎞− + − +⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦= ⎡ ⎤Γ + −⎣ ⎦
 
( ) ( )
( )
2 1.52 2
1 2 1 1 2
1
25 2 2 2
1
14 1 cos 1 2 sin
2 8
K x x x x x
x
J
x
π
ω π π
⎡ ⎤⎛ ⎞− − + − +⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦= ⎡ ⎤Γ + −⎣ ⎦
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Appendix E: Nomenclature 
 
 
          ijb = the linearized damping coefficients in polar coordinates, N⋅s/m, ( φε ,, =ji )  
                 (i is the direction of the force, j is the direction of the velocity) 
ijb = 
( )3
ij
C
R b
Lµ , ( φε ,, =ji ) 
ijB = ij
C b
W
ω , ( φε ,, =ji )  
Bp = parameter used in Ref. [20-22], 
3L RBp C g
m C
µ
π
⎛ ⎞= ⎜ ⎟⎝ ⎠  
C  = radial clearance, m 
D  = journal diameter, m 
         eqd  = the linearized equivalent damping coefficient, N⋅s/m 
         eqD  = eq
C d
W
ω  
          IJd  = bearing damping coefficients in Cartesian coordinates, N⋅s/m. ( , ,I J x y= )  
                     (I is  the direction of the force, J is the direction of the velocity) 
          IJ IJ
CD d
W
ω=  
εf  = radial pressure force component, N 
fε  = dimensionless radial pressure force component, 2
ff
mC
ε
ε ω=  
fφ  = tangential pressure force component, N 
fφ  = dimensionless tangential pressure force component, 2
f
f
mC
φ
φ ω=  
Fε  = radial drag force component, N 
Fε  = dimensionless radial drag force component, 2
FF
mC
ε
ε ω=  
Fφ  = tangential drag force component, N 
Fφ  = dimensionless tangential drag force component, 2
F
F
mC
φ
φ ω=  
g   = gravitational constant, m/s2  
zG = turbulent coefficient 
k   = half rotor stiffness, N/m 
         K   = dimensionless half rotor stiffness 
          eqk  = bearing equivalent stiffness coefficient, N/m 
          eq eq
CK k
W
=  
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          ijk  = the linearized stiffness coefficients in polar coordinates, N/m, ( φε ,, =ji ) 
                  (i is the direction of the force, j is the direction of the displacement) 
ijk = 
( )3
ij
C
R k
Lµω , ( φε ,, =ji )  
ijK = ij
C k
W
, ( φε ,, =ji )  
           IJk = the linearized stiffness coefficients in Cartesian coordinates, N/m. 
                  ( ), ,I J x y=  (I is the direction of the force, J is the direction of the 
                    displacement) 
         IJ IJ
CK k
W
= , (I, J = x, y)   
           rk  = half-rotor stiffness coefficient, N/m 
         rK   = r
C k
W
 
           sk  = effective stiffness coefficient of the rotor-bearing system, N/m 
l     = rotor span, m 
L   = bearing length, m 
m   = rotor mass per bearing, kg 
bO = center of the journal bearing 
jO = center of the journal of the shaft 
ip   = inlet pressure, Pa 
R   = journal radius, m 
          Re = mean Reynolds number, µωρ CR=Re  
Rs = Stability Envelope 
          S   = Sommerfeld Number, 
2RL RS
mg C
µ ω
π
⎛ ⎞= ⎜ ⎟⎝ ⎠  
         mS  = modified Sommerfeld number, ( )
3
2
2 22m
RLS L D S
mgC
µω π= =  
    ( )pS ω = the characteristic exponent determining the stability of the periodic 
                   solution of journal orbit at speed ω  
t    = time, sec 
     ( )T ω = period of the periodic solution of journal orbit at speed ω  
Tin  =inlet temperature, °C 
1v  = an eigenvector of the Jacobian matrix at the stationary point for the critical  
         value cν  
cν   = critical value of Hopf bifurcation 
W   = load per bearing, N 
x    = the coordinate in the horizontal direction 
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sx   = the static equilibrium position 
y     = the coordinate in the vertical direction 
z     = the coordinate in axial direction 
2β   = the leading coefficient in the expansion of a characteristic exponent 
midδ = the static central deflection of a flexible rotor, m 
ε    = eccentricity ratio 
φ    = attitude angle 
2γ   = the number that gives the direction of the Hopf bifurcation 
Γ  = bearing’s characteristic number, 5.05.2
3
2 gmC
RLµ=Γ . 
µ   = lubricant viscosity, Pa⋅s 
ω   = running speed of the rotor, rad/s 
ω   = dimensionless running speed of the rotor, C gω ω= . 
cω  = 1st critical speed of the rotor-bearing system, rad/s 
nω  = the first natural frequency of the simply supported rotor system, rad/s 
nω  = dimensionless natural fequency of a simply supported rotor, 
        n n C gω ω=  
          ndω = undamped natural frequency of the system, rad/s 
sω  = Threshold whirling frequency of the subsynchronous vibration, rad/s 
sω  = dimensionless whirl frequency at the threshold speed stω , s s C gω ω= . 
stω  = threshold speed of the system, rad/s 
stω  = dimensionless threshold speed of the system, st st C gω ω= . 
0ω   = ( )stβ ω  
Ω    = whirl frequency ratio at the threshold speed stω , s stω ωΩ =  
2τ   = the coefficient in the expansion of the periods of periodic solutions 
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no charge in your thesis subject to the following conditions: 
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source, permission must also be sought from that source.  If such permission 
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publication/copies. 
 
2.      Suitable acknowledgment to the source must be made, either as a 
footnote or in a reference list at the end of your publication, as follows: 
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3.      Reproduction of this material is confined to the purpose for which 
permission is hereby given.  
 
4.      This permission is granted for non-exclusive world English rights 
only.  For other languages please reapply separately for each one required. 
Permission excludes use in an electronic form.  Should you have a specific 
electronic project in mind please reapply for permission. 
 
5.      Should your thesis be published commercially, please reapply for 
permission.  
 
 This includes permission for UMI to supply single copies, on demand, 
of the complete thesis.  Should your thesis be published commercially, 
please reapply for permission. 
 
Yours sincerely  
   
   
 
 
Harry Nixon 
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Dear Mr. Nixon: 
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I do need the permission to reprint the following two papers in my 
electronic dissertation too.  
  
1. Wang, J.K., Khonsari, M.M., Application of Hopf Bifurcation Theory to the 
Rotor-Bearing System with Turbulent Effects, Tribology International, in 
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Sincerely, 
  
Jianke Wang 
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source, permission must also be sought from that source.  If such permission 
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publication/copies. 
 
2.      Suitable acknowledgment to the source must be made, either as a 
footnote or in a reference list at the end of your publication, as follows: 
 
 "Reprinted from Publication title, Vol number, Author(s), Title of 
article, Pages No., Copyright (Year), with permission from Elsevier". 
 
3.      Reproduction of this material is confined to the purpose for which 
permission is hereby given.  
 
4.      This permission is granted for non-exclusive world English rights 
only.  For other languages please reapply separately for each one required. 
Permission excludes use in an electronic form.  Should you have a specific 
electronic project in mind please reapply for permission. 
 
5.      Should your thesis be published commercially, please reapply for 
permission.  
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